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1. Introduction

The Thom Conjecture asserts that any compact, embedded surface
in CP? of degree d > 0 must have genus at least as large as the smooth
algebraic curve of the same degree, namely (d — 1)(d — 2)/2. More
generally, one can ask whether in any algebraic surface a smooth alge-
braic curve is of minimal genus in its homology class. There was one
significant result in this direction. Using SU(2)-Donaldson invariants,
Kronheimer showed in [3] that this result is true for curves of posi-
tive self-intersection in a large class of simply connected surfaces with
b3 > 1. Unfortunately, for technical reasons, this argument does not
extend to cover the case of CP2. It is the purpose of this paper to prove
the general result that a smooth holomorphic curve of non-negative self-
intersection in a compact Kahler manifold is genus minimizing.

For any closed, orientable riemann surface C' we denote its genus by

9(C).

Theorem 1.1 (Generalized Thom Conjecture). Let X be a com-

pact Kadhler surface and let C — X be a smooth holomorphic curve.
Suppose that C - C > 0. Let ' — X be a C*-embedding of a smooth
riemann surface representing the same homology class as C. Then

g(C) < g(C").
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THE GENERALIZED THOM CONJECTURE

In fact, there is a generalization of this result to symplectic mani-
folds.

Theorem 1.2. Let X be a compact symplectic four-manifold and
let C — X be a smooth symplectic curve with C-C > 0. (A symplectic
curve is one for which the restriction of the symplectic form is every-
where non-zero.) Let C' — X be a C® embedding of a riemann surface
representing the same homology class as C. Then g(C') > g(C).

The Thom Conjecture and very similar generalizations of it have
been established independently by Kronheimer-Mrowka; see [4].

These results are based on the new Seiberg-Witten monopole invari-
ant, [14], flowing from advances in physics [7], [8]. This is a gauge-theory
invariant defined using complex line bundles and Spin-structures on
the four-manifold. According to the conjectures of Witten (or rather
according to the results deduced by Witten using mathematically non-
rigorous physics arguments; see [14]) these invariants should contain
equivalent information to the SU(2)-invariants defined by Donaldson at
least in the case where b > 1. But from many points of view, these
U(1) gauge-theory invariants are much simpler to work with. Hence, in
a practical sense, they are more powerful. This result is an example of
that power. It is probably true that overcoming a series of technical dif-
ficulties, one could establish the Generalized Thom Conjecture and its
symplectic generalization using the SU(2)-invariants, though this has
not been done.

We deduce the Generalized Thom Conjecture from a product for-
mula for the Seiberg-Witten monopole invariants. This is not a general
product formula, though it is easy to believe that there is one. Here we
deal only with the simplest case of a product formula — one decomposes
the manifold along a certain three-manifold (S x C) and we arrange to
be in a context in which the ‘character variety’, i.e., the space of solu-
tions to the corresponding equations on the three-manifold, is a single
smooth point. In this context, the analogue of the Floer homology is
particularly simple and leads to a particularly simple product formula.
The proof of the Generalized Thom Conjecture and its symplectic gener-
alization for curves of genus g > 1 is a direct application of this product
formula. The case of tori is handled by a different argument using the
Seiberg-Witten invariants but not the product formula.

Here we use the product formula to prove non-vanishing results for
Seiberg-Witten invariants. It is possible in favorable circumstances to
use this product formula together with vanishing results to completely
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calulate Seiberg-Witten invariants of manifolds obtained by gluing to-
gether pieces whose Seiberg-Witten invariants are known. In this paper
we treat the case when the three-manifold is S' x C, where C is a sur-
face of genus g, and the determinant line bundle of the Spin®-structure
has degreee +:(2g — 2) along C. It is possible to generalize to the case
of line bundles of other degrees.

In some respects the arguments in [4] are of a similar spirit to ours,
relying as they do on the Seiberg-Witten invariants. But instead of
using a product formula as we do here, Kronheimer-Mrowka establish a
vanishing theorem for the Seiberg-Witten invariants in a related context
— a context where there are no solutions to the corresponding equations
on the three-manifold.
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2. Review of the definition of the Seiberg-Witten
monopole invariant

2.1. Spinf-structures

Recall that Spin®(n) = Spin(n) x ;413 U(1) admits a natural map to
SO(n) with kernel the central S'. By a Spin‘-structure on an oriented
riemannian n~-manifold X we mean a lifting of the principal SO(n) bun-
dle associated to the tangent bundle to a principal Spin®(n)-bundle.
Given such a lifting P — X, there are the associated complex spin bun-
dles. In the case where n = 4, there are two inequivalent spin bundles
S*(P), each of which is a complex two-plane bundle with hermitian
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metric.

Of course, Spin®(n) has a natural homomorphism to U(1) given by
[B,¢] + (2. Correspondingly, every Spin-structure P on a riemannian
n-manifold X has an associated complex line bundle £ which we call its
determinant line bundle. Of course, ¢;(£) must be characteristic in the
sense that its mod two reduction is equal to wy(X). Fixing a connection
A on the determinant line bundle £ induces Dirac operators

Pa: C®(8%(P)) = CX(ST(P)).

These operators are first-order, linear, elliptic operators and are for-
mal adjoints of each other.

2.2. The Seiberg-Witten equations

Following Seiberg-Witten (see for example [14]) the Seiberg-Witten
equations associated to a Spint-structure P on an oriented, riemannian
four-manifold X with a metric g are a pair of non-linear elliptic equa-
tions for a unitary connection 4 on the determinant line bundle £ of P
and a plus spinor field 7, i.e., a section of the plus spin bundle S+ (15)
The equations are:

Fy = q(¥),
Pa() = 0.

Here, ¢ is a natural quadratic bundle map from S*(P) to A% (X;iR),
and @4 is the usual Dirac operator defined using the Levi-Civita connec-
tion on the frame bundle for X and the connection A; see, for example,
[5]. These non-linear equations are elliptic and, in the case where X
is a closed manifold, the index of the system modulo the action of the
gauge group of automorphisms of P covering the identity on the frame
bundle is, according to the Atiyah-Singer index formula, given by

d(P) = (c1(£)? = (2x(X) + 30(X)) /4,

where x(X) and o(X) are respectively the Euler characteristic and the
signature of X. Notice that d(P) depends only on ¢;(£). For this reason
we also denote it by d(L). The quotient space of the space of solutions
to these equations modulo the action of the group of gauge transforma-
tions is the Seiberg-Witten moduli space and is denoted M(P,g). This

moduli space is compact. To obtain a smooth moduli space, it may be
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necessary to perturb the equations. We take perturbations of the form:

(1) Fi =q(¥) +in",
‘/ aA(Tﬁ) =0,

where 7" is a real, self-dual two-form on X. For a generic such ™, or
even for an i1 generic among self-dual two-forms supported in a small
ball in X, the resulting moduli space M(P, g,7n") is a compact, smooth
manifold of dimension equal to d(P), [5].

2.3. The definition of the invariant

Fix a closed, oriented, riemannian four-manifold X with metric g,
and choose an orientation for H2(X;R) @ H'(X;R). Let us consider a
Spinc-structure P on X. For a generic 5t the moduli space M(P, g, ™)
is a smooth submanifold of the configuration space, that is to say, of the
space of all pairs (A, ) modulo the action of the group of gauge trans-
formations. Removing the reducible points consisting of pairs where 1
is identically zero, leaves the space X of irreducible configurations. The
based version X — X is a principal circle bundle whose first Chern
class is denoted by u € H2(X;Z). Provided that the d(P) is even (or
equivalently provided that by(X) + b3 (X) is odd), M(P,g,7) has a
fundamental cycle which represents a homology class of even degree in
X. The orientation of H'(X;R) @ H2(X;R) is necessary in order to
orient the moduli space and hence determine the sign of the homology
class.

The definition of the Seiberg-Witten invariant of the Spint-structure
in the case where d(P) is even, say 2d, is the value of the integral of %
over the fundamental class of M(P, g,nt). If d(P) is odd, then by defi-
nition the Seiberg-Witten invariant vanishes. Provided that b3 (X) > 1
this definition gives a well-defined invariant independent of the choice
of metric g and perturbing self-dual form n*. Thus, for such manifolds
X we define the Seiberg—Witten invariant as a function

SWx : {Spin®—structures} — Z.
It is often convenient to amalgamate this information into a function
SWx:C(X) —> Z,

where C(X) C H?%(Z;Z) is the subset of characteristic classes (those
whose mod two reduction is the second Stiefel-Whitney class). The
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value of SWx on a class k is the sum over the (finite) set of all isomor-
phism classes of Spin®-structures on X with the given class as the first
Chern class of the determinant line bundle. The invariant takes non-
zero values on only finitely many classes. Changing the orientation on
HY(X;R)®H?2(X;R) reverses the sign of this invariant. By convention
this invariant vanishes on any characteristic cohomology class for which
this index is negative.

Now suppose that b (X) = 1. Then the value on a cohomology
class k € H?(X;Z) of the invariant defined using the moduli space
M(P,g,n") is denoted by SWx g.n+(k). This invariant is defined only
when there are no reducible solutions to the perturbed Seiberg-Witten
equations ( 1); i.e., only when 27k + 1% has a non-zero L?-projection
onto the space of g-harmonic self-dual two-forms. As we vary (g,n™)
the value of SWx , -+ (k) depends only on the component of the double
cone

{z € H*(X;R)|z -z > 0}

containing the self-dual projection of 27k + n™; cf. [5]. (In particular,
there are only two possible values for SW .+ (k) as we vary the pair
(g,m).) Given a class z € H*(X;R — {0}) of non-negative square we
define the z-negative Seiberg-Witten invariant of X

SWE:C(X) > Z

as follows. Its value on a characteristic class k is equal to SWx g+ (k)
for any pair (g,n%) for which the image of 27k +7n* under L?-projection
into the self-dual g-harmonic two-forms has negative cup product pair-
ing with z.

3. The product formula

In this section we state the main technical result of this paper, the
product formula, and deduce a non-vanishing result for certain general-
ized connected sum manifolds.

3.1. The statements

Suppose that X and Y are closed, oriented smooth 4-manifolds. Let
C be a closed, oriented riemann surface with g(C) > 1. Suppose that we
have smooth embeddings C — X and C — Y representing homology
classes of infinite order. Suppose in addition that each of these classes is
of square zero. (That is to say, the self-intersection of C is zero in both
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X and Y.) Because of this condition there is a regular neighborhood of
C in each of X and Y orientation-preserving diffeomorphic to D? x C.
Let X and Yp be the compact manifolds with boundary obtained from
X and Y by removing the interiors of these regular neighborhoods.
We denote by N the common boundary S! x C. There is an obvious
orientation-reversing diffeomorphism 80Xy — 9Y; which is the identity
on the C factor and is complex conjugation on the S!-factor. We denote
by M = X+#cY the oriented four-manifold that results from gluing X
and Yy together via this diffeomorphism. We call it the sum of X and
Y along C. Notice that there is an induced embedding of C into M
well-defined up to isotopy which represents a homology class of infinite
order and of square zero.

Now suppose that k& € H?(M;Z) is an integral cohomology class
whose restriction to N = S x C is of the form p*(kg) where kg €
H?(C;Z) is a class and p: N — C is the natural projection. Let kx,
and ky, denote the restrictions of k¥ to Xy and Yy. These classes au-
tomatically extend to integral classes kx and ky over X and Y. Each
of these extensions is well-defined up to adding an integral multiple of
C*, the class Poincaré dual to the homology class represented by C. If
k is characteristic, then exactly half the extensions kx of kx, will be
characteristic, and similarly for the ky. (The characteristic extensions
will all differ by even multiples of C*.)

Here is the statement of the product formula.

Theorem 3.1 (Product Formula). Let X)Y,C,M,N be as in
the previous paragraph. Suppose that b3 (X),b5 (Y) > 1. It follows that
b3 (M) > 1. Suppose that k € H?*(M;Z) is a characteristic cohomology
class satisfying k| = p*ko where kg € H?(C;Z) satisfies

(ko, [C]) = 29 — 2.
Consider the set K(k) of all characteristic classes k' € H*(M;Z) with
the property that k'|x, = kx,, k'lv, = kv, and (k')? = k*. We define
Kx(k) to be all £ € H?(X;Z) which are characteristic and satisfy £|x, =
kx,. The set Ky (k) is defined analogously. Then for appropriate choices
of orientations of H(M),HY(X), H (Y) and H2 (M), H3(X),H2(Y)
determining the signs of the Setberg- Witten monopole invariants we have
(1) > SWa(k) = (—1)MM N SWx (8) - SWy (L),
K eX(k)

where b(M, N) = by(Xo, N)b3°(Yo, N), and the sum on the right-hand-
side extends over all pairs (£1,42) € Kx (k) x Ky (k) with the property
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that
(2) 2+ 6=k~ (8g—8).

It is to be understood in Equation (1) that the Seiberg- Witten invariant
of any manifold with b = 1 is the C*-negative Seiberg- Witten invariant
where C* is the cohomology class Poincaré dual to C.

Remark 3.2. As we have already observed Kx (k) C H?(X;Z) is
a principal homogeneous space for Z(2[C]*), and similarly for Ky (k).
The set Kps(k) is a principal homogeneous space for the possibly larger
lattice 2Im (6: HY(N;Z) — H%(M;Z)).

In general, the sum on the right-hand-side can have more than one
non-trivial term. But if d(k) = 0, then there is at most one pair (¢1,45) €
Kx (k) x Ky (k) which satisfies Equality (2) and for which d(¢;) > 0 and
d(¢3) > 0. More generally, one can deduce a non-vanishing result for
M from non-vanishing results for X and Y. Notice that even when the
right-hand-side of the equation has only one non-zero term, it is not
evident (and probably not true in general) that the invariants of the
glued-up manifold are determined by those of the constituent pieces.
The reason is that we have a sum of invariants on the left-hand-side of
the equation. There are some cases however, when vanishing theorems
allow one to restrict the possible support of the Seiberg-Witten function
for the glued-up manifold sufficiently so that one can determine the
Seiberg-Witten invariants of the glued-up manifold from this product
formula.

Corollary 3.3. Let X,Y,C be as in the previous theorem and let
M = X#cY. If there are characteristic classes £, € H*(X;Z) and { €
H2(Y;Z) with {£1,C) = {€,C) = 2g~2, SWx(£1) # 0 and SWy (£2) #
0, then there is a characteristic class k € H*(M;Z) with kln = p*ko
for ko € H%(C;Z) satisfying (ko,[C]) = 2g — 2 for which SWys(k) # 0.
(For any of these manifolds with b = 1 it is understood that the Seiberg-
Witten invariant is the C*-negative Seiberg- Witten invariant.)

Proof. Without loss of generality, we can assume that £, € H%(X; Z)
has d(¢;) minimal among all classes satisfying the hypothesis of the
corollary. Similarly, for £;. We set k € H?(M;Z) equal to any charac-
teristic class which has the property that k|x, = ¢1|x, and k|y, = £2|v,-
(There are such classes since {;|x = ¢3({n.) Now adding an appropriate
even multiple of the Poincaré dual of [C] to k we arrange that

K2 =024+0248g-1).
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For this particular choice of &, the sum on the right-hand-side of the
product formula has only one non-zero term. The reason is that if
(41,8,) € Kx(£1) x Ky (£s) satisfies (£})2 + (£5)? = €2 + ¢2 and (£}, 4,) #
(£1,£2), then the minimality of ¢; and ¢5 implies that either SWx (¢]) =
0 or SWy(£,) = 0. Thus, in this special case, the sum on the right-
hand-side of Equation (1) consists of exactly one non-zero term. Hence,
one of the terms on the right-hand-side is non-zero. This completes the
proof of the corollary.

4. Genus minimizing curves

In this section we show how to deduce the Generalized Thom Con-
jecture and its symplectic generalization from the Product Formula and
one other result concerning embedded two-spheres in symplectic four-
manifolds.

4.1. The general statements

The main application of this product formula is to prove the genus
minimizing criterion given below. As the reader can see, this result
concerns general four-manifolds not just Kéhler surfaces and symplectic
four-manifolds. As we go on to state in this section, its application to
Kéhler surfaces yields the Generalized Thom Conjecture.

Proposition 4.1. Let X be a closed, oriented four-manifold with
b5 (X) + b1(X) odd, and let C C X be a C™® curve of genus g > 1 and
square zero. Suppose that there is a characteristic class k € H?(X;Z)
with the property that (k,[C]) = 2¢g — 2 and suppose that the Seiberg-
Witten function SWx (k) # 0. (It is understood that if b (X) = 1, then
this invariant is the C*-negative Seiberg-Witten invariant, with C* the
class Poincaré dual to C.) Then any C°-curve in the same homology
class as C has genus at least as large as that of C.

There is a generalization of this result that covers curves of positive
intersection as well. It is deduced from the previous result by blowing
up and using the blowup formula from [1] or [2].

Proposition 4.2. Let X be as above and suppose that C C X is a
smoothly embedded riemann surface of genus g > 1 and with C - C >
0. Suppose that there is a characteristic class k € H*(X;Z) with the
property that (k,[C]) =29 —2—C-C and SWx(k) # 0. (If b3 (X) =1,
then this invariant is interpreted to be the C*-negative Seiberg- Witten
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invariant, with C* the class Poincaré dual to C.) Then any C*-curve
in the same homology class as C has genus at least as large as that of

C.

4.2. The case of Kahler surfaces and symplectic
four-manifolds

Applying this to the case of Kahler surfaces and holomorphic curves
yields the following result.

Corollary 4.3. Let X be a compact Kéihler surface and let C C X
be a smooth holomorphic curve with C - C > 0 and g(C) > 1. Suppose
that C' C X is a C* riemann surface homologous to C. Then g(C) <
g9(C").

We also have the analogue for symplectic four-manifolds.

Corollary 4.4. Let X be a compact symplectic four-manifold and
let C C X be a smooth symplectic curve with C -C > 0 and g(C) > 1.
Suppose that C' C X is a C™ riemann surface homologous to C. Then
g9(C) < g(C).

While these corollaries do not cover the case of curves of genus one,
this case can be handled by other arguments using Seiberg-Witten in-
variants.

Proposition 4.5. Let X be a compact Kdhler surface and let C C
X be a smooth holomorphic curve with g(C) =1. If C-C > 0, then the
homology class of C is not represented by a smoothly embedded sphere.

Proposition 4.6. Let X be a compact symplectic four-manifold and
let C C X be a smooth symplectic curve with g(C) =1. IfC-C > 0,
then the homology class of C is not represented by a smoothly embedded
sphere.

Together of course, these results cover the case of all curves of non-
negative square in compact Kahler surfaces, thus establishing the Gen-
eralized Thom Conjecture and its symplectic generalization as stated in
the introduction.

In this section we show that the Product Formula implies Propo-
sition 4,1. We also show that Proposition 4.1 implies Proposition 4.2
and that Proposition 4.2 implies Corollary 4.4 which of course implies
Corollary 4.3. Then next five sections are devoted to proving the Prod-
uct Formula. The last section gives a proof of Proposition 4.6 which of
course also implies Proposition 4.5.
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4.3. Proof that the product formula implies Proposition 4.1

Suppose that C' C X is a smooth curve of genus g > 1 and suppose
that C-C = 0. Suppose that there is a characteristic class k € H?(X; Z)
with the property that (k,[C]) = 2g — 2 and that SWx(k) # 0. (As
usual, if 3 (X) = 1 we use the C*-negative Seiberg-Witten invariant.)

There is one case we must treat separately.

Lemma 4.7. If H(C;Z) — H1(X;Z) is injective, then the homol-
ogy class represented by C' is not represented by a riemann surface of
smaller genus.

Proof. 1f H1(C;Z) — H1,(X;Z) is injective, then the skew-symmetric
pairing
HY(X;Z)® H(X;Z) = Z
given by a ® b — (a U b,[C]) is of rank 2g(C). On the other hand, if
[C] is represented as the continuous image of the fundamental class of
a riemann surface of genus ¢/, then this pairing has rank at most 2¢'.
The result is immediate. q.e.d.

From now on we shall assume that the map H1(C;Z) — Hi(X;Z)
has a non-trivial kernel. With this extra hypothesis, we are in a position
to prove Proposition 4.1. Let X and C be as in the statement with
H,(C) — H1(X) having a non-zero kernel. We double X along C. That
is to say, we form M = X#cX. Of course, b3 (X) > 1 by hypothesis.
Since we are assuming that H;(C;Z) — Hi1(X;Z) has a non-trivial
kernel, it follows easily from the Mayer-Vietoris sequence that b3 (M) >
2. This means that the Seiberg-Witten invariant SWj, is independent
of the metric and the perturbing self-dual two-form. According to the
Product Formula and the corollary following it, we see that the Seiberg-
Witten invariant SWj, is non-trivial.

On the other hand, if the homology class of C is represented by
a C* riemann surface of genus less than that of C, then by adding
trivial handles we could arrange that C be as before (of square zero and
genus g) and in the same homology class, but also with at least one
trivial handle. That is to say, in X there is a four-ball meeting C' in a
punctured torus, that punctured torus being unknotted in the four-ball.
We claim that this implies that SWj, vanishes identically. This will
give a contradiction and will establish Proposition 4.1 as a consequence
of the Product Formula.

There are two different ways to show that SWjs vanishes. We have
an embedded S? of square zero and a dual torus in a manifold M with
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b3 (M) > 1. The existence of the dual torus implies that the homol-
ogy class of the sphere is of infinite order in homology. According to
Lemma 10.2 this implies the vanishing of SWj,. Alternatively, one can
notice that one of the generating circles v on the torus bounds an em-
bedded disk D in M which is disjoint from S?, meets the torus only in
its boundary, and for which the normal vector field to 7 in the torus
extends to a nonwhere zero vector field over the disk. We do surgery on
the torus inside of M using this disk. This replaces the torus by a two-
sphere of square zero geometrically dual to the first sphere. A regular
neighborhood of the union of these two dual spheres is diffeomorphic to
S? x §2 — B*. This gives a decomposition of M as a connected sum

M = M'#(8? x §%).

Since b3 (M) > 2, it follows that b5 (M') > 0, and hence by the con-
nected sum theorem [14] or [2] it must be the case that the Seiberg-
Witten invariant of M vanishes.

4.4. Proof of that Proposition 4.1 implies Proposition 4.2

Let C C X and k € C(X) be as in the hypothesis of Proposition 4.2.
Fix a Spinc-structure P over X whose determinant line bundle has first
Chern class k. Suppose that C' - C' = n > 0. We choose a metric g and
a self-dual two-form n™ so that:

e The moduli space M(P, g,nt) is smooth of the correct dimension.
e The support of 7 is disjoint from C.

e If 57 (X) = 1, then the projection of 27k + 77 into the self-dual
g-harmonic two-forms has negative integral over C.

We now blow up at n distinct points along C. That is to say, we
form the manifold
X, = X#,CP°

with a metric g; which is a connected sum of the metric g with a stan-
dard metric on the CP- factors, connected by sufliciently long tubes.
We let ] be the form which vanishes on the CP” factors and the tubes,
and which agrees with ™ on the rest of X;. Let E; ..., E, be the ex-
ceptional curves in X;. Let Cy be the connected sum of C and the
exceptional curves Ei,...,E,. This is a smoothly embedded curve in
Xi with g(Cl) = g(C) and C;-Cy =0. Let by = k + Z?:l E;. This

717
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is a characteristic class for X; with (k;,C;) = 29 — 2. If b5 (X1) = 1,
and the connected sum tubes are sufficiently long, then the projection
of 27k + 7]1" onto the g;-self-dual harmonic forms will have negative
integral over Cj.

There is a unique Spin-structure P; for X;, which agrees with P
on the complement of the exceptional curves and has determinant line
bundle with first Chern class k;. The blow-up formula [1] tells us that
if the connected sum tubes are sufficiently long, then

SWX,g,,ﬁ(f?) = SWx, grmt (P),

when we use compatible orientations on H}(X) = H'(X;) and H2(X) =
H_%(X 1). Since this is true for all P, it follows that

SWx gt (k) = SWig o0 (k1)

Consequently, 0 # SWE™ (k) = SW;f(kl), where if b5 (X) = 1, then we
use the C*- and Cj-negative Seiberg-Witten invariants of X and X,
respectively.

Thus, we see that X, 1,k satisfy all the hypotheses of Proposi-
tion 4.1. By that proposition, it follows that C; is genus minimizing in
its homology class. This implies that the same is true for C.

4.5. Proof of that Proposition 4.2 implies Corollary 4.4

Now we are ready to apply this general analysis to symplectic four-
manifolds and symplectic curves. The first step is to recall the results
of [12] about the value of the Seiberg-Witten function on the canonical
class of a symplectic four-manifold.

Lemma 4.8 (Taubes [12]). Let X be a symplectic four-manifold
with symplectic form w. Let Kx € H*(X;Z) be the canonical class
of the symplectic structure. If by (X) > 1, then SWx(Kx) = £1. If
b3 (X) =1 then SW¥ (k) = +1.

Let X be a symplectic four-manifold, and C C X a symplectic curve.
Let Kx € H%(X;Z) be the canonical class of the symplectic structure.
By the adjunction formula we have

(Kx,C)+C-C=2g -2

Thus, Corollary 4.4 is immediate from the previous lemma and Propo-
sition 4.2 in the case where b (X) > 1.
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Let us suppose that b3 (X) = 1. For any symplectic curve G C X
with C-C > 0, we have fcw > 0. This means that the class C* Poincaré
dual to C and the class of w lie in the same component of the double
cone

{z € H¥(X;R - {0}) |z -z > 0}.

Thus, SW¢ = SW$, and Corollary 4.4 follows in this case as well from
Lemma 4.8 and Proposition 4.2.

5. The Seiberg-Witten equations for the three-manifold
N=S'xC

The next five sections of this paper are devoted to the proof of the
product formula. This formula follows from a gluing theorem for moduli
spaces, which compares the product of moduli spaces for two cylindrical-
end manifolds with the moduli space for the glued-up manifold. The
proof of this gluing theorem follows the pattern laid down in the proofs of
the various product formulae in the case of Donaldson SU(2)-invariarts.
We begin in this section with the analogue of the Floer homology; that
is to say with the theory of the Seiberg-Witten equations for the three-
manifold N = S x C.

Recall that associated to the Spinc-structure Py on a riemannian
three-manifold NV there is an irreducible complex spin bundle S (ISN)
unique up to isomorphism. In what follows we shall use the structure of
S(Py) as a module over the entire Clifford algebra CI(N). There are two
possibilities for this module structure and we choose to work with the
one that factors through the projection to CI(N)*. The bundle S(Py)
is a two-dimensional complex bundle with a hermitian inner product. If
we have a hermitian connection Ay on the determinant line bundle Ly
of this Spint-structure, then there is the associated self-adjoint first-
order elliptic Dirac operator @4,. As in the four-dimensional case, the
hermitian metric induces an anti-linear isomorphism

S(Pn) = S*(Pn).

We denote this map by i — 1*. Also, there is the exact sequence of
vector bundles:

0+ A’(N)® C — S(Py) ® S*(Py) = C =0,

where the first map is the adjoint of Clifford multiplication, and the sec-
ond map is the evaluation pairing (i.e., the trace of the endomorphism).
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These structures allow us to define a quadratic map
g: O (S(PN)) — O¥(N; C)

by associating to v the element

2
atw) =y oy~ 2l

This later element is in the kernel of the evaluation mapping and hence
defines an element g(v)) € Q?(N;C). As in the four-dimensional case,
this element is purely imaginary, i.e., it lies in Q?(N;iR).

The 3-dimensional Seiberg-Witten (or monopole) equations for a
Spint-structure Py — N are equations for a pair (4,1), where A is a
unitary connection on the determinant line bundle Ly of Py, and 9 is
a section of the complex spin bundle S(Py). The equations are:

(SW?) : Fa = q(¥),
Pa(y) =0.

The case of particular interest for us here is the case where N =
S! x C and the determinant of the Spint-structure on N has degree
2g —2 on C. Since the tangent bundle of N is naturally decomposed as
a product of the tangent bundle of C' with a trivial real line bundle, a
Spin®-structure on C induces one on N.

Proposition 5.1. Let N = S x C. Consider all Spin®-structures
P on N, whose determinant line bundles £ have degree 29 — 2 on C.
As we range over all these Spin°-structures there is ezactly one solution
(Ao, %) to the equations SW3 up to gauge automorphisms. The Spin®-
structure for which this solution ezists is induced via the projection from
a Spin®-structure on C.

Proof. As in the case of the equations on the four-manifold, there is
a natural involution on the solutions to the three-dimensional equations.
This involution sends the determinant line bundle to its inverse. Thus,
it suffices to consider the case where the degree of the determinant line
bundle of & on C is 2 — 2g.

Let us first consider the case of a Spinf-structure Py with the prop-
erty that the determinant line bundle £y is induced from a line bundle
on C. Since H{(N;Z) has no two-torsion, a Spin‘-structure on N is
determined up to isomorphism by its determinant line bundle. This



THE GENERALIZED THOM CONJECTURE 721

means that the Spinc-structure P, is in fact an extension from SO(2)
to SO(3) of a Spin®-structure Pc on C. Let S(J/E,SE be the complex
line bundles over C, which are the plus and minus spinors for Pc. Let
e1, ez be an orthonormal, oriented basis for TC' at a point. By definition
ie1eg acts on Sg by %1, so that ejes acts on S(:/E by Fi. Given a unitary
connection A on the determinant line bundle Lo — C there are induced
operators: @j from sections of S(JE to sections of S, and its adjoint @,
from sections of S to sections of S;. These operators are identified
with

(V2)84: Q%(C; (Kc ® Lo)M?) — QOH(C; (Ko ® Lo)?)

and its adjoint (v/2)3 .

There are two irreducible representations of CI1(R?), factoring through
CIl(R3)*, the plus and minus one eigenspaces for —e;ezes. We choose to
work with the one Sgs factoring through CI(R?)*. Thus, the bundle of
spinors on N for the induced Spin®-structure are simply p* (S&)®p* (Sg5)
where p: N — C is the natural projection. Given a unitary connection

A on p*(Lc¢), the induced Dirac operator is given by

4= —iVy (\/5)5:”0
(\/§)BA|C Vg ’

where V denotes the covariant derivative with respect to the connection
induced by A on ST evaluated on the unit tangent vector to the circle
in the positive direction.

In general, for a Spinc-structure Py whose determinant line bundle
Ly is of degree 2 — 2g on C there is a line bundle £; of degree 0 on C
such that Ly = Lo ® L. 1t follows that

SH(Py) =S8t (Py) ® L1 = (p*(SE) ® L1) @ (0" (S5) ® L1) .

Writing the unitary connection A on Ly as the product of a connection
Ag on Ly and a connection and A; on L1, we see that

aA = @Ao ® Al'

Thus, once again, the Dirac operator is given by the two-by-two matrix

g Ve (VD
A k(ﬂ)aAlc Vo |’
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where as before Vg denotes the covariant derivative of A in the circle
direction. To simplify the notation we write 94 for 0 Ale

Now suppose that (A, ) is a solution to the monopole equations for
a general Spin‘-structure Py. We write ¢ = (a, 8). The Dirac equation
becomes

(4) —iVy(a) + (v2)34(8) = 0,
(vV2)9a(a) +iVe(B) = 0.

Applying %5,4 to the first equation yields

(5) \—_/—;5AV0(0¢) +3435(8) = 0.

Suppose that in local holomorphic coordinates z = z + iy on C we
have Fy = Fp ydx Ady+ Fy gdz AdO+ Fy gdy Adf. Since we are using the
plus spin bundle over CI(NN), the action of F4 by Clifford multiplication
is the same as the action of

Fyp4d0 — Fy gdy + F, gdz
1 ) 1 .
= Foydd + 5 (Fyp — iFs0) d2 + 5 (Fyp + iFrp) d.

This means that Clifford multiplication by F)4 is given by the matrix

(i, "iF (4B =B @A O)Y
% (Fy,ﬂ - iFm,G) dz A () in,y

It follows that the curvature equation of SW?3 reads:

: lo)? — 1B
—iFpy = —
1 . — —
5 (Fyeo —iFg ) dz = ap.

Now we commute Vy and 84 in Equation (5) introducing a curvature
term. Notice that

(a0 Ve —Vgoda) ()= (Frp—1iFyp)dz A ().

Plugging this in to Equation (5) gives

—i_ = 1. = =
ﬁvgafl(a) + 7 (—iF, 9+ Fyg)dz-a+ 840,4(8) =0.
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Using the second part of Equation (4) we have

1 1 . - =
—§V0V0(ﬁ) + %(_ZF:E,G + Fyg)dz-a+ 340,4(8) = 0.

Now applying the curvature equation yields

1
% ("in’g + Fy’g) dz = \/iﬂ ® 6,
and hence,

1 = =
—EVGVG(ﬂ) + \/§|a|2ﬂ +0404(B) =0.

Since rotation in the circle direction acts by isometries on N, we have
V}j = —Vy, and therefore

1, S
5VVs(B) +V2|a?f +849,4(8) = 0.
Taking the inner product with 8 then gives
1 =%
51Ve(B)I12 + V2UEBIL: + 194(B)I7> = 0.

Hence, @B = 0. Plugging the fact that one of a or 8 equals zero into
the curvature equation, we see that
I 1 e e

Fa

o i p*dvol(C).

Since the line bundle £y has negative degree on C, it must be the
case that 8 = 0. It now follows that « is covariantly constant in the
direction of the circle. In the end we have shown that 8 = 0, that
Ve(a) =0, that d4(a) = 0, and that

(6) /C lla]|2dvol(C) = 4m(2g — 2).

Also, we have seen that the curvature F4 is a two-form which is at
each point induced from a two-form on C. Since F4 is also covariantly
constant in the direction of the circle, F4 is the pullback of a two-
form on C under the natural projection N — C. Lastly, since « is
non-zero on an open dense subset of N and is covariantly constant in
the circle direction, it follows that parallel translation with respect to
the connection A on the plus spin bundle has trivial holonomy around
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the circles. This implies that the holonomy of A on L is also trivial
around the circles. Thus, up to gauge equivalence, the triple (£, 4, «)
is induced from corresponding triple (L¢, Ac,ac) over C. Of course,
¢ must be a harmonic plus spinor for the Spin®-structure on C' with
determinant line bundle £s. Since the degree of Lo is 2 — 2g, the
bundle of plus spinors, (K¢ ® Lco)Y?,) is of degree zero. That is to
say it is a topologically trivial bundle. The connection A induces a
holomorphic structure on Lo and a holomorphic structure on (K¢ ®
/.‘,c)l/ 2. With respect to this holomorphic structure, ¢ is a non-trivial
holomorphic section. This implies that the holomorphic bundle (K¢ ®
/.‘,C)l/ 2is holomorphically trivial and a¢ is a constant section. Its norm
is determined by Equation (6). Such a triple (L¢, Ac, @ ¢) then is clearly
unique up to gauge equivalence.

This proves that there is exactly one solution up to isomorphism
to the monopole equations on N = S x C among all Spin® structures
whose determinant line bundle has degree 2 — 2¢g on C. Furthermore,
the Spint-structure for which the solution exists is pulled back from a
Spin®-structure on C. By symmetry the result follows when the degree
is29g—2. qed.

We need to fit SW? into a non-linear elliptic context. Let us con-
sider the context of an arbitrary compact, oriented, riemannian three-
manifold N and a SpinS-structure Py over it. We let B*(IBN) be the
space of L?-configurations modulo the action of LZ-changes of gauge.
We consider the equations SW?3 as defining a section &gy of the L2-
version of the tangent bundle of B*(Py). The tangent space to B*(Py)
at £ = [A, 1] is the cokernel of the linear map

L2(X;iR) 25 12 ((T*X ®iR) & S(ﬁ;v)) ;
where the map D, is given by

D (2f) = (2udf, —if - 4).

These quotient spaces fit together to give the tangent bundle of B*(Py).
The L? version of the tangent bundle is the bundle whose fiber over z
is the cokernel of the map

Dy: L2(X;iX) — L? ((T*X ®iR) @ S(PN)) .
The smooth section of this bundle given by the SW? equations is
[A, ] = [x(Fa — q(¥), Pa(¥)]-
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The first thing to notice is that the zeros of this section are exactly
the gauge equivalence classes of irreducible configurations satisfying the
equations SW3. Tt is also an easy exercise to show that the differential
of this section is Fredholm at every point. Thus, viewed in this way
there is a finite dimensional Kuranishi picture in a neighborhood of
each point of the moduli space of solutions to the equations SW3. The
Zariski tangent space is the kernel of the differential of the section and
the obstruction space is the cokernel of this differential.
Now let us turn to our special case.

Lemma 5.2. Let N and L be as in Proposition 5.1. Then the unique
solution of the equations SW?* in B*(Py) is a smooth point in the sense
that the Zariski tangent space and the obstruction space are trivial.

Proof. What this means is that for a solution z = (Ag,%) the
sequence

0 — L2(X;4R) 25 L2 (T*X ®iR & S(PN))
25y 12 (T°X @ iR © S(Py) ) /Da (LH(X;4R)

is exact. This is a direct computation along the same lines as the proof
of Proposition 5.1, but simpler.

5.1. Perturbations of the Seiberg-Witten equations on a
3-manifold

Let N = S! x C and let Py be a Spin-structure on N whose
determinant line bundle £ has degree +(2 — 2g) on C.

Corollary 5.3. Under the hypotheses of the previous lemma, for
any sufficiently small closed real two-form h on N there is a unique
solution to the perturbed Seiberg-Witten equations (SW2):

Fy = q(¢) + ih,
Palyp) =0.

This solution represents a smooth point of the modult space in the sense
that its Zariski tangent space is trivial.

Remark 5.4. As in the unperturbed case we view the equations
SW,? as defining a smooth section of the L?-version of the tangent bun-
dle of B*(Py). Once again the space of solutions to the equations mod-
ulo gauge equivalence is identified with the zero set of this section, and
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the section is a non-linear Fredholm section which is a perturbation of
the section associated to the equations STW3.

Proof. This result is immediate From Lemma 5.2 and the fact that
transversality is an open condition on a section.  q.e.d.

Actually, in one special case we can identify the solution.

Corollary 5.5. With N and L as above, let n be a harmonic one-
form on C and let * be the (complez-linear) Hodge star operator for N.
We write n = n + 77 where 1 is a holomorphic one-form on C. Then
there is a unique solution (up to gauge) to the perturbed Seiberg- Witten
equations SW2 . This solution is gauge equivalent to one pulled up from
(A,) on C where ¢ = (a, B) with a being a constant real section r > 0
of SE and B being the section of S; = A (T*C) given by =2, the
constant r is determined by the fact that

/C (HZ;LI% - ’"2> dvol(C) = 4n(2 — 2g).

Proof. We proceed as in the case of the unperturbed equation. We
find

SINo(B)I: + 1B3B13 + VE@S + i, 36) s = 0.

On the other hand, the fact that 7 is a closed form on C and that £ is
induced from a line bundle on C gives that

0= / A Fy = (i7,af + i) 2.
N
Adding the first equation to v/2 times this one yields

SIV () + B3I + Va8 + il = .

We conclude that @3 + i7 = 0, that 3 is covariantly constant in the
circle direction, and that 83 (8) = 0. Plugging these back into the Dirac
equation we see that « is covariantly constant in the circle direction and
that d40 = 0.

From this everything else is a direct computation. g.e.d.

Remark 5.6. A perturbation of this type was introduced by Witten
in [14] in order to study solutions to the Seiberg-Witten equations over
a Kahler surface.
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6. The gradient flow equation for solutions on a cylinder

6.1. The Seiberg-Witten equations on a cylinder I x N

Let us consider a smooth, oriented riemannian four-manifold X
which is orientation-preserving isometric to I x N where N is a closed
oriented three-manifold and I is a (possible infinite) open interval. Our
purpose here is to rewrite the Seiberg-Witten equations on X as gradi-
ent flow equations for a path in the space of configurations on N. Let
m: X — N be the natural projection. We have a natural isomorphism
of bundles of algebras n* (CI(N)) — Cly(X). This isomorphism sends
ag+ oy in 7 (CI(N)) to a9+ V - @) where V' is the unit vector field in
the positive direction along I.

Suppose that P — X is a Spinc-structure for X. Let Q — X be
the U(1)-bundle which is the determinant of P. There is a U(1)-bundle
@~y — N and an isomorphism j: 7*Qny — Q. The double covering
P Pgo)X Xx @ induces a double covering Py — PSO(3)N Xy Qn
(which is then a Spin®-structure on N) and an embedding 7*Py < P
covering the obvious embedding

™ (Pso@)yN Xn Qn) = PsoyX xx Q-

The spinor bundle S(P) is an irreducible module over CI(X). As a
module over Clo(X) = n* (CI(N)), it splits as ST(P) & §~(P) with
each of S*(P) being an irreducible module over 7* (CI(N)). Thus we
have an isomorphism of U(2)-bundles

pT: m*(S(Pn)) = S*(P),

where pT carries the action of the bundle of Clifford algebras 7* (CI(N))
to the action of Cly(X). This means that, letting V' be the unit vec-
tor field in the positive I-direction, for any section o € S(P) and any
tangent vector e in the N-direction we have

pre-o)=Ve p'(0).

It follows that if F' is a two-form on N then
pt(F-0)=F p*(0),

so that
pt(wc(N) - 0) = we(X)p* (o) = o™ (0).
Hence we(N) acts as the identity on S(Py).

727



728 JOHN W. MORGAN, ZOLTAN SZABO & CLIFFORD HENRY TAUBES

Claim 6.1. Let ¢(t) be a section of n* (S(f’N)> and let A(t) be a

one-parameter family of connections on Qn. We can view the A(t) as
defining a connection A on Q) via the isomorphism n*Qn = Q. The re-
sulting connection A is temporal with respect to the given product struc-
ture in the I-direction in the sense that the A-parallel translation in the
I-direction gives the product structure in this direction. Then we have

Palpt (W)t =V - p" (_@A(t)(iﬁ(t)) é;f)

Proof. Let e,es,e3 be an orthonormal basis for TN at a point
n € N. We compute

3
Palpt () (n,t) =D Ve, (0T (W) (n, 1)) + VVi(p* ()(n, 1)).
=1

Clearly, V¢, (pT (¥(n,t))) = pt(Ve,(¥(n,t))). Since A is temporal with
respect to the given product structure in the I-direction, we have

Vo) =" ().

Hence,
3
Pale* () (1) = Z eiVe, (P (%)) + VVi(p* ()
—}: VVeiVe, (o™ (%) + VVil(o* (%))

— -V Z Veip® (Ve (9)) + VVilo™ (9))

1=1

3
=V Z pt(eiVe, (%)) + VVi{pt (1))
i=1

Vo (<0 + 5 ). aed
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Claim 6.2. Let F(t) be a one-parameter family of complez-valued
two-forms on N. It determines a two-form F on X. Let (t) be a
section of 7*(S(Pn)). Then we have

S (F+4F) - g (9(0) = F - o () (1) = o (F(1) - (1),

where %4 is the complez-linear Hodge *-operator on the four-manifold
X.

Proof. This is immediate from the fact that pT (1) is a section of

S*(P) and that p* commutes with Clifford multiplication and the em-
bedding CI(N) = Clo(X) C Cl(X). qed.

Lemma 6.3. With the above isomorphisms, the Seiberg- Witten equa-
tions on X, written in terms of a path (A(t),¢(t)) in the configuration
space of Py, are

(FA(t) + *%?) = q((1),

0
~Pai ) + 22

where * is the complex-linear Hodge star operator on N. We can rewrite
these equations as

=0,

BA(2)

ot =x* (Q(¢(t)) - FA(t)) )

PO _ gy wit),

where, once again, * is the complez-linear *-operator on N.

Proof. We have already seen that the second equation is the Dirac
equation. The curvature equation on X is:

0A -
(Fa@ +dt A 52)" = pT o q(@h(1)) o (o7) L
where the left-hand-side is interpreted as the automorphism induced by
Clifford multiplication. Equivalently, we can write the equations as an
automorphism of S(Px):

0A

(pT) o (Fag +dt A 6_t)+ opt = q(i(t)).
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Of course,

0A
ot

where * denotes the complex-linear Hodge star operator on V. Accord-
ing to Claim 6.2 then the composition

_1 0A 0A
(Fa@ +dt A —-)* (FA(t)+*a + dt A *Fa@y + dt A at)

-+

0A
(p) o (Fay + dt A at) op

is simply Clifford multiplication by

0A
Faw +*75;

Thus, we can rewrite the curvature equation as

Fa + 9 = ab(0)

g.e.d.

6.2. The gradient flow equation

Now we are ready to show that the Seiberg-Witten equations on X
are equivalent to a gradient flow equation. We choose to work with the
L2-version of the configuration space for Py. Thus, the space C(Py) is
the space of pairs (A, 1) where A is an L2-connection on the determinant
line bundle of I5N, and 1 is an L2-section of the associated spin bundle.
The group of gauge automorphisms is the group of LZ-maps from N to
S!. Notice that every element of the group of gauge automorphisms is
a continuous map. To make the expressions come out on the nose, we
choose a slightly non-standard inner product on the tangent bundle to
C(Py). The tangent space is identified with the space of L3-sections
of (T*N ®iR) ® S+ (Py). The inner product we take is the standard
L?-inner product on the first factor and is twice the real part of the
L?-hermitian inner product on the second factor. We denote this inner
product by (:,-)}.. Notice that for tangent vectors a,b € QY X;iR) the
L? inner product is given by

{(a,b) 2 =—-/ a A xb,
N

where * is the complex-linear Hodge *-operator. The reason for the
change of sign is that the forms are purely imaginary and the positive
definite product is given by the complex anti-linear Hodge *-operator.
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Fix a background C* connection Ay on Ly. Using this choice we
define a function 3
f:C(Pn)—R

by setting

f(A,¢):/NFAOAa-i—%/Na/\da-i—/N(i/),@Ad))dvol,

where a = A — Ag. It is easy to see that f is a smooth function in the
L2-topology, and if we replace Ay by a different background connection
Aj, then we simply change the function f by a constant.

Lemma 6.4. There is a natural homomorphism
c: G(Py) —» HY(N; Z),

which assigns to each L3-map o: X — S the pull back under o of
the fundamental cohomology class for the circle. This map is surjective
and its kernel is the component of the identity Go(Pn) of G(Pwn). If
o€ g(ﬁN), then

flo-(A,4)) = F(A¥) + 2r(c(o) U cr (L), [N]).
In particular, f: C(Py) — R descends to a map
f: B(Py) - R/2nZ.

Proof. This lemma, is a direct computation. q.e.d.

In particular, we can use the function f to define a vector field on
B*(Pn). Notice that the inner product that we have chosen on the

tangent bundle to C (Py) descends to an inner product on the tangent
bundle to B*(Py).

Definition 6.5. We denote by B*(Ey) the quotient of C*(Py) by
Go(Pn). This is a normal covering space of B*(Py) with covering group
H'(N;Z). Notice that f descends to a function

f: B*(Py) — R.

By the gradient Vf(A, ) we mean the formal tangent vector to C(Pn)

for which the following equation holds for any L2-tangent vector 7 to
C(Pn) at (4,9):

_0f(AY) _ d(Aw) +s7)
or ds =

<vf(A’¢)’T)IL2
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From this description it seems that Vf(A,) is only an L?, tangent
vector. Actually, as we shall see below, it is an L?-tangent vector. As
such it is a tangent vector to a bigger space of configurations defined by
a weaker norm.

Proposition 6.6. Fiz an open interval I. If a configuration
(A(t),%(t)) in a temporal gauge for the Spint-structure I x Py — I x N
satisfies the Seiberg- Witten equations, then it gives a C*°-path in C (]5N)
satisfying the gradient flow equation

9(4,9)
——Z2 =V f(A,1).
L) _ v
Two solutions to the Seiberg-Witten equations are gauge equivalent if
and only if the paths in C(Py) that they determine in temporal gauges

are gauge equivalent under the action of the group Q(PN).

Remark 6.7. The gradient flow equation makes sense for any C'-
path in C (I3N), where we view the equations as equations of continuous
functions on I with values in the space of LZ-sections of
(T*X®iR€BS(15N)). Along any path (A(t),%(t)) in C(Py) which
comes from a solution of the Seiberg-Witten equations the gradient of
f is in fact a smooth section of (T*N ® iR) @ S(Py), as can be seen
using reasonable standard methods in elliptic regularity theory. In par-
ticular, at such points the gradient of f is an actual tangent vector to
the infinite dimensional Hilbert manifold C(Py).

Proof. Let us compute (Vf(A,1),7)", for a tangent vector 7 =
(m,A) to C(Py) at (A4,v). We first consider the case where A = 0,
i.e., the vector is a tangent vector in the connection direction; i.e., n €
L?(T*X ® {R). Computing directly from the definition we see that

of _
on
Of course, by Stokes’ theorem we have

/a/\d77=/ nAda
N N

and hence we can rewrite the above expression as
0 1
U~ [ Fagansnndoss [ oo
67’} N 2 N

1
= [ anFats [ Gon-wyavol

1 1
FAO/\n+—(77/\da+a/\dn)+—/(¢,n-¢)dvol.
N 2 2J/n
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The following claim is established by a direct computation in a local
basis.

Claim 6.8. Let u,v be purely imaginary two-forms on N and let
(u,v) be the pointwise hermitian inner product between them. Then

() = ST (CUY) o Clw)

where Cl(z) is the endomorphism of S(Py) which is Clifford multipli-
cation by .

Claim 6.9. Let yu be the purely imaginary two-form on N such that
Clifford multiplication by p is the automorphism q(¢) and let n be a
purely imaginary one-form. Then the pointwise inner product (1,7 - )
s given by:

(Wsm 1) = =2 (n A p) = 2(xn, ),

where x is the complez-linear extension of the Hodge star operator.

Proof. Fix a unitary basis for S(Py) at a point. Then the value of
{(t,m - 1) at that point is given by the matrix product

¥ - Clln) -4,

where T indicates the transpose. This product is of course simply the
trace of the matrix product

which is the trace of the composition of Clifford multiplication by # and
2
q(v¥) + J%Id. Since 7 is a one-form, the trace of Clifford multiplication

2
by 7 is zero. Thus, we have that the trace of the composition (n-)o ]%l—ld
is zero, and hence

(@ (2),n(z) - p(z)) = Tr ((CLn) © q(¢(z)) -

Of course, since S(Py) is a module over CI*(T*N) it follows that
Cl(n) = Cl(xn) where * is the complex linear extension of the Hodge
star-operator. According to the previous claim this trace is equal to
2(u, *n). Since u and 7 are purely imaginary, this last inner product is
equal to —2 % (4 A n) and is also equal to 2(xn, ). q.e.d.
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It follows immediately from the claim that

[ wmsyavol = =2 [ n nqti),

where we view ¢(1)) as a purely imaginary two-form on N through the
inverse of Clifford multiplication. Thus, we see that

f (4,9

LA — [ wn (Fa = a) = (1, 5(Fa - a@))s

n N
where * is the complex anti-linear Hodge *-operator. This means that
at least for the tangent vectors in the connection directions we have that
Vf(A,) is given by
«(Fa — q(4))-

(Let us emphasize once again that here the *-operator is the complex
anti-linear one.)

Now let us compute in the directions tangent to the spinor field. Let
A be a section of S(Py). We have

af—(g;]ib_)- = /N (N @a(¥)) + (v, @a(N))) dvol.

Since the Dirac operator is self-adjoint we can rewrite this as

Maf%“f\’d’) =/N(<A,aA(¢)>+(¢A(¢),/\>)dvol

=2Re (A, @4 (¥))) 2 = (A, a(¥)) 2.
Thus, the component of Vf(A,) in the direction of the spinor fields is

Pa(b).

Notice that the critical set of f, i.e., the subset of (A,v) for which
Vi(A,¢¥) = 0, is exactly the set of solutions to the Seiberg-Witten
equations on N.

Furthermore, the equation

O(A(t),v(t) _ ‘
T = V(A )
reads

OA(t

220 < w(Fage — ()

and "
2 = o w(0),
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where in the first equation the *-operator is the complex anti-linear
Hodge *-operator, which is minus the complex-linear Hodge *-operator.
Rewriting the first equation with the complex-linear *-operator yields
precisely the Seiberg-Witten equations.

Now let us consider solutions up to gauge equivalence. Since we are
always working in a temporal gauge, the only freedom we have is to vary
a solution (A(t),%(¢)) by a gauge transformation o(¢) which is constant
in t, that is to say o(t) = o € G(Py) for all ¢. Clearly, such an operation
changes f by a constant and hence leaves the gradient of f invariant.
Hence, it takes gradient flows to gradient flows. This completes the
proof of the proposition. q.e.d.

Since any solution of the Seiberg-Witten equation is gauge equivalent
to a C* solution, we see that if (A(¢),%(¢)) is a solution, then the
function f(A(t),%(t)) is a C* function of ¢.

6.2.1. Estimates related to the function f

We finish this subsection with two lemmas pertaining to the function
f which will be used later in establishing exponential decay of solutions
on the tubes. Throughout this subsubsection we assume that N =
8! x C, with C being a curve of genus g > 1, and that the determinant
line bundle of Py is induced from a line bundle on C which has degree
2 —2g.

The first lemma is closely related to the fact that f satisfies Smale’s
Condition C. On each tangent space to B*(Py) there is an L?-metric.
We identify the tangent space at the point [4,1] € B*(Py) with the
slice in C(Py) through (4,1). The square of the L?-norm is identified
with the restriction to this slice of the sum of the usual L#-norm on
one-forms and the L?-norm on sections of S(Py) computed using the
connection A. It is easy to see that this metric is independent of the
choice of representative (A, ) for the point in B*(Py).

Lemma 6.10. For any ¢ > 0 there is A > 0 such that if z =
(A,v) € B*(Py) has L?-distance at least € from the critical point [Ag, %),
then

IVf(@)llzz = A

Proof. 1If this result does not hold for some € > 0, then there is
a sequence z; = (A;, ;) in B*(Py) whose L#-distance from z; to the
critical point is at least ¢ for which

IV f(zi)llgz — 0
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as 7 — oo. This means that

Fa; — q(¥i)llrz — 0

and

P4; (Wi)llL2 = 0

as 7 — 0o. Thus there is a constant C > 0 such that
[ 1= al + 2pa P < €.

Using the Weitzenbock formula for @4, 0@ 4, we can rewrite this inequal-
ity as

/N (fFA,-lz 1% = 2, q(0)) + 274, @ + Sl + <FAi¢f,wi>> <cC

By Claim 6.9 and the fact that by construction S(Py) is a module over
CU{(T*N)*, we have

2<FA,1q('¢))) = <FA~."¢)7 d)>

Thus, this expression simplifies to
2 1 4 2 § 2
1FailZa + 5 lallde + 20V 4, (6013 < C + maxzen(~ 5 (@) ]2

It follows easily from this inequality that |[Fa,llz2,||%illz+, and
IV 4, (4i)|| 2 are all bounded independent of ¢.

Since the F4, are bounded in L?, this means after appropriate changes
of gauge, we can arrange that the A; are uniformly bounded in L2. Thus
the 1; are bounded in L%. We fix a base C° connection Ay and write
A; = Ap + o;. Then

1
P ao (i) + 5% illp2 = 0.

Since the o; are bounded in L? and the 1; are bounded in L?, after
passing to a subsequence, we can assume that o; - 1; converges in L?,
so that @4,(1;) converges in L?. This means that the component of
1p; which is L?-orthogonal to the harmonic spinors converges in L2.
The L*-bound on the 1); implies that the harmonic projection of the ;
are bounded in every norm. Hence, after replacing the sequence by a
subsequence, we can assume that the 1; converge in L? to a limit 1.
This implies that the q(v;) converge in L? to q(1s), and hence that
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the Fy4, converge in L2 to q(ths). It now follows that the A; converge
in L? to a limit A. Of course, the limit (A, ¥oo) is a solution to the
Seiberg-Witten Equations SW?3 for Px. Thus, we have shown that there
is a subsequence of the z; which converges, to an element z,, € C (13N)
This limiting element is a solution to the Equations SW?3 and hence is
irreducible. But its image in B*(Py) has L3-distance at least € > 0 from
the critical point. This is a contradiction. q.e.d.

We also need estimates near the critical point.

Lemma 6.11. There is a constant K > 0 such that if the L3-
distance from [A, ] to the critical point is sufficiently small, then the L3-
distance from [A,¢] to the critical point s bounded by

K|[Vi(A®#) o)l gz

Proof. A direct computation shows that V(f(4, 1)) is L2-orthogonal
to the tangent space to the gauge orbit through (A,%). Thus,
IV f(A,)|lz2 is equal to the L?-norm of the value at [A, 1] of the sec-
tion £gw. Since £gw is smooth and is transverse to zero at the critical
point of f, the lemma, is immediate. q.e.d.

6.3. Preliminary estimates on tubes

Let us begin with an elementary estimate for any tube T' = [a, b] x N.

Claim 6.12. Let v(t) = (A(t),¥(t)) be a solution to the Seiberg-
Witten equation on the tube [a,b] x N. Let £ = b — a be the length of
the tube, and let

b .
B = [ 19D Byt = 1Ay + W1

be the square of the energy of the solution. Finally, let —s¢ be a lower
bound for the scalar curvature of N, with so > 0. Then

9127y < 2503/ Vol(N)E + 2V2E.

Proof. We have

bl b
B> [ 31Fs - a)enodi+ | 1) Eaomyct

Expanding the the right-hand-side of this expression using the Bockner-
Weitzenbock formula and Claim 6.9 we see that

b
1 1 So
E* 2 / <5||FA||22(N,) + glolzay + VA2 v — anuizm,)) at,
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and hence that
9ll4s ¢yt < 2509132z, + SE2.

By Cauchy-Schwartz we have

191122y < 11174 (7 v/ VOLN)L.

Putting this together proves the claim.

Corollary 6.13. Under the hypothesis and notation of the previous
lemma we have

| FX N2y < sov/vol(N)L + V2E.

Proof. Since (A, 1) is a solution to the Seiberg-Witten equations we
have F§ = g(¢) and hence |F}| = |g(¥)| = 1|y|*>. qed.

The next result is a standard type of bootstrapping result in the
elliptic context.

Lemma 6.14. There are constants Ey, K > 0 depending only on
N such that for any T > 1 and for v(t) = (A(t),¥(t)) any solution
to the Seiberg- Witten equation in a temporal gauge on [—1,T + 1] x N
satisfying

T+1
| 1w < B,

we have
T T+1
| Vs <K [ IV IGE) Gt

Proof. Let T be a four-manifold of the form [a,b] X N and let v(t) =
(A(¢),%(t)) be a solution to the Seiberg-Witten equations in a temporal
gauge on T for the Spin‘-structure P = [a,b] x Py. We denote by
¢ = b — a the length of the tube T. Let us denote by the square of the
energy

E? = /T IV £ (v(2)) 2dvolt
- /T (IFa — g()[? + 8% () ]2) dvolt
=/ (141 + 9) dvolat.
T
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Let B(-,-) be the bilinear form on the space of sections of S*(P)
with values in Q2 (T;iR) which is associated to the quadratic form g.
Differentiating the Seiberg-Witten equations gives

P.d(A) — B(y,¢) =
Pa(h) + §A'¢ =0.

The fact that V£ is L2-orthogonal to the gauge orbit at each point
implies that ' ‘
A+ TIm(h, ) = 0.
Since A and hence A have no di-component we can rewrite this last
equation as

d* A+ Im(3,9) =0,

where d* is the adjoint of d on the four-manifold 7.

We fix a C®-function ¢: T — [0, 1] which is identically one on the
middle third T’ of T and identically zero near the ends of T. We do
this so that |d¢| is at most M /¢ for some universal constant M. We set
V =¢A and ) = £y, Let us consider the operator

BV = (Pod(V) = BOW),B40) + 3V - d'V +Tm(, ) )

Since E (A, w) = (0, it is easy to see that there is a universal constant Cy
such that

(7) 1BV, Mll72ry < % (||A||2L2(T) + Hlﬁlliz(’r)) :
On the other hand, direct computation shows that
IE(V )32
®) 25 (1P By + naA(A)n%z iy + 18 ) )
—2 (IIB(A Wier + 5 IIV DlI72(ry + 1miX, )7 T))

For the moment, let us assume that £ < 1. By the Sobolev multipli-
cation theorem we see that there is a constant Ciy depending only on N
such that

1B WZ2(ry < ClM sy ¥l 74 ry-
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By Lemma 6.14 and the Sobolev embedding theorem, this implies that
there are constants Cs, C3 depending only on N such that

IBOS#)2ry < (CoVE+ CoE) N3,
Similarly, choosing C5, C3 appropriately we can also arrange that
IV - $lZeery < (02\/2 + C'sE) IIVH%%(T)

and

I )z < (C2VE+ GE) 1My,

Putting all this together we have constants Cy, Cs independent of ¢
such that

1
||B(/\,¢)”%2(T) + §||V : 1?“%2@) + [[Im(2, ¢’>”%2(T)
9) <(CeVe+CsE) (IVIry +IM2ery) -

Lastly, from the Weitzenbock-Bockner formula for the Dirac opera-
tor it follows that

s 1
04O 2 Va0 Baqry — RINEsery + 5 [ (FF -2,

where —sg is a non-positive lower bound for the scalar curvature of N.
Thus, we see that there is a constant Cg such that, again replacing
Cs, '3 by larger constants if necessary, we have

IV A2y < UPANNE 2z + CollAZ(ry + (CaVE+ C3B) M2,

From this and Equations (7), (8), and (9) we conclude that given
any 6 > 0, there are constants 0 < £y < 1 and Ey > 0 such that if
0<£<{yand 0 < FE < Ej then there is a constant C depending only
on N such that

1 *
> (1P d(V)n%z ) IV A gy + 18" V)2 )
<o (VA agry + 103y ) =8 (IV 2y + 1Ny ) -

Standard elliptic estimates for the operator (P,d,d*) show that,
provided that 6 > 0 is sufficiently small, this inequality implies that
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there is a constant Ky depending only on N such that if ¥ < FEj and
the length of the tube 7" is equal to £y, then

@w@@ﬁWM@@Q_€2@mm@+wwm@)

Since V| = Al and Mg = t|pv, this yields that for any tube T
of length ¢y and any solution (A(t),v(t)) on T whose energy is at most
EZ we have

1112 12
HNMGWHWme_EQGMm@ﬁWWWQ)

Now let us drop the assumption that the length of 7" is ;. By adding
up over a sequence of middle third tubes of length £,, we establish the
statement of the proposition easily from this inequality. The constants
are Ey and K = 3Ky/¢f%2. q.ed.

6.4. Exponential decay in tubes

In this subsection we restrict to the Case when N = S! x C where
C is a closed riemann surface of genus g > 1 and where Py is induced
from a Spin®-structure on C' whose determinant line bundle has degree
+(2 — 2g) on C. According to Proposition 5.1 and Lemma 5.2, the
character variety of solutions to the Seiberg-Witten equations is one
point, this point being a non-degenerate solution. It is the purpose
of this section to use this non-degeneracy to establish two fundamental
exponential decay results. But before we get to these results we establish
some elementary estimates for solutions in the tube.

Our first exponential decay result is a fairly standard one. It con-
cerns flow lines which are near the critical point. It is a consequence
of the fact that the critical points are non-degenerate, see, for example
(10] or [6], for similar estimates for the SU(2) anti-self-dual equations.

Lemma 6.15. With N = S x C and Py a Spin®-structure whose
determinant line bundle £ has degree +(2—2g) on C, there are positive
constants €,6 > 0 such that for any T > 1 if (A(t),v(t)) is a solution
to the Seiberg- Witten equations on [0,T] X N in a temporal gauge and if
for each t, 0 <t < T, the equivalence class of (A(t),(t)) is within € in
the L2-topology on B*(Py) of the solution [Ag, o] of the Seiberg- Witten
equations on N, then the distance from [A(t),¥(t)] to [Ao, %] in the
L2_topology is at most

doexp(—0t) + dpexp(—4(T — 1)),
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where dy (resp. dr) is the L3-distance from [A(0),%(0)] to [Ao, %0
(resp., the L2-distance from [A(T),¥(T)] to [Ao,%o))-

The other exponential decay result is more delicate. This is a special
case of the ‘small energy implies small length’ results established by
Simon in [9], see [6] or [10], for similar results in the SU(2)-context.
They apply without the assumption that the critical point is isolated and
non-degenerate. Here, the results are stronger than the general results
and can be established fairly directly using the previous exponential
decay.

Proposition 6.16. There is a constant 6 > 0, and given any A > 0
there is Ey > 0 such that for any solution (A(t),¥(t)) in temporal gauge
to the Seiberg-Witten equations on [—1,T + 1] x N, with T > 1, the
following holds. Let v: [-1,T + 1] — C(Py) be the associated path to
the solutions. If f(y(T + 1)) — f(v(—1)) < EZ, then for 0 <t < T, the
L2-distance from [A(t),(t)] to the static solution [Ag,o] is at most

Aexp(—6t) + exp(—5(T — t))).

Proof. First notice that

T+1
FT +1)) = F(v(=1)) = / IV £ (220t

-1

We fix 0 < €1 << e with e; being less than the constant ¢ > 0 given
in the statement of Lemma 6.15. It follows from Lemma 6.10 that, if
Ey is sufficiently small, then the total length of the open subset of
t € [-1,T + 1] for which [A(t),%(t)] has L2-distance at least e; > 0
from the critical point is less than 1/2, and in particular, there must be
t1 € [0,T] such that the L?-distance from [A(#1),%(t1)] to the critical
point is at most €;. Suppose that there is ¢, € [0,T] so that the L3-
distance from [A(t2),¥(t2)] to the critical point is > €2. By symmetry
we can assume that t; < to. We can then choose the first such ¢5, so
that y([t1,2]) is contained in the closed L%-neighborhood of diameter
€2 of the critical point and the distance from [A(t2), ¥(t2)] to the critical
point is exactly €o. By Lemma 6.15 we have that for any ¢ € [t1, t2], the
L? distance from [A(t),(t)] to the critical point is at most

616_6(t_t1) + 626—-5(«‘.2—1:).

We consider a u € [t,to] for which the L?-distance from [A(u), ¥ (u)] to
the critical point is exactly €2/2. For this u we have

616—6(u_t1) + eze_‘s(t"’_“) > €2/2.
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Since €1 << €9, we must have
626—(5(t2—u) > 62/3,

or equivalently
S(tz — u) < log(3).

We conclude that
log(3)

5
Since the L2-distance from [A(fy),%(t2)] to the critical point is ea, we
know that the L2-distance from [A(u), 1(u)] to [A(t2),¥(t2)] is at least
€2/2, and consequently,

0<(t2—u)§

|19 g, = /2

Of course, since the volume of the tube [u,t2] X N is bounded, the
Cauchy-Schwartz inequality tells us that there is a positive constant 3
depending only on IV such that

t2
JRZCON

By Lemma 6.14, this implies that there is a positive constant €; such
that

ta+1 5
| VRGO et > e
u-1

But

ta+1 T+1
| IO et < [ 19O eyt < B
u-—1 -

Provided that Ey is sufficiently small, this is a contradiction.

It follows from this contradiction that given ez > 0, with ey < ¢,
if Eg > 0 is sufficiently small then for all ¢ € [0,7] the point () is
contained in the L2-neighborhood of diameter €; centered at the critical
point. Hence, if Ey > 0 is sufficiently small, by Lemma 6.15 for all
t € [0,T], the L3-distance from [A(t), ()] is at most

d06—5(t) + dTe——5(T—t)’

where dy (resp. dr) is L?-distance from [A(0),%(0)] (respectively
[A(T),4(T)]) to the critical point. Of course, since the whole path is
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contained in the ez-neighborhood of the critical point, we have dy, dr <
€z. The result now follows by taking e < A. q.e.d.

Of course, the ellipticity allows us to bootstrap these L2-estimates
into C'*° estimates.

Corollary 6.17. There is a constant § > 0, and given any A > 0
there is Eg > 0 such that for any solution (A(t),¥(t)) in temporal gauge
to the Seiberg- Witten equations on [—-1,T + 1] x N, with T > 1, the
following holds. Let v: [-1,T + 1] — C(Py) be the associated path. If
FY(T + 1)) = f(y(-1)) < E2, then for 0 < t < T, the C®-distance
from [A(t),9(t)] to the static solution [Ag, ] is at most

A(exp(—4t) + exp(—d(T — t))).

6.5. The space of all solutions on the cylinder

In this section we shall describe the space of all finite energy solutions
to the Seiberg-Witten equations on R x N in the context of the previous
section: N = S! x C with C being a riemann surface of genus g > 1
and £ having degree 2g — 2 on C.

Lemma 6.18. There is a constant K depending only on the rie-
mannian 3-manifold N = S' x C such that the following holds. Let
Rx Py onRxN bea Spint-structure for which the degree of the de-
terminant line bundle of Py on C is (2—2g). Let (A, ) be a solution to
the Seiberg-Witten equations for R x N. Write (4,v¢) = (A(¢t),¥(t)) in
a temporal gauge and let v: R — C(Py) be the path determined by this
solution. Suppose that the function f(y(t)) has finite limits as t — Foo.
Then for every x € R x N we have

()] < K.

Remark 6.19. This corollary holds for any closed three-manifold
and any Spin®-structure on it. The proof uses the weaker energy-length
results alluded to before.

Proof. In an appropriate gauge any finite energy solution is C°°.
An immediate application of Corollary 6.17 to longer and longer finite
tubes shows that the solution (A(t),%(t)) decays exponentially in the
C*°-topology to the static solution [Ag, o] as ¢t — ZFoo. Since there is
clearly K with the property that |1o(z)| < K; for every z € N, either
[¥(z)] < K for every z € R x N or |[¢(z)| achieves its maximum at
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some g € R x N. At a local maximum zy an easy maximum principle
argument (see [4], for example) shows that

[9(z0)| < —r(20),

where x is the scalar curvature. Since the scalar curvature of R x N is
bounded, the lemma follows. q.e.d.

Lemma 6.20. Suppose that (A,v) is a solution to the Seiberg- Wit-
ten equations for Rx Py on RxN and that the degree of the determinant
line bundle of Py on C is (2 — 2g). Write (A,%) = (A(t),¥(t)) in a
temporal gauge and let v: R — C(Py) be the path determined by this
solution. Suppose that the function f(y(t)) has finite limits as t — +oo.
Then A 1s a holomorphic connection with respect to the natural complex
structure on X = RxN = (RxSY)xC = C*xC, and ¥ = (a,0) where
o 18 a holomorphic section of (£®KX)1/2. Furthermore, if the solution
15 not a static solution, then the formal dimension of the moduli space
at this solution is negative.

Proof. As before, the condition on the function f((t)) implies that
as t — +oo the configuration (A(t),1(¢)) decays exponentially in the
C*°-topology to a static solution. Writing the spinor field ¥ as (o, 3)
as before and applying 94 to the Dirac equation give

5,45,4(&) +5A5T4(:3) =0.
Invoking the curvature equation we get
2B+ 849, (8) = 0.

Because the determinant line bundle has negative degree on C, it
follows that for the static solution 8 = 0. Thus, the field 3 is decaying in
L2 to the trivial field, and since A4 is decaying in L? to a fixed connection
pulled back from C, we see that we can take the pointwise inner product
with 3, integrate by parts over X = R x N and conclude that

[ (11817 + B4(8)F ) dwol = 0.

Thus, as before, we have that one of & and 8 is zero. In fact, it must
be [ that is zero because of the nature of the limits as ¢ — +o0o. This
implies that A determines a holomorphic structure on £ with respect
to which a becomes a holomorphic section of Lg.

745
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At this point we have shown that any solution must be holomorphic.
Lastly, let us consider the dimension of the moduli space at the solution.
The formula for the dimension is the same as in the closed case. Namely,
the dimension is

oot ([ m))=a-of [ F

(Since A is decaying exponentially to a connection pulled back from C
at each end, the restriction of A to R x S* decays exponentially to a
product connection at each end. Thus,
2 Fy
27 RxS!

is well-defined and finite and in fact is an integer.) Since the metric is
the standard flat metric in the R x S! direction, this means that the
connection Ag on £y = /L @ Kx induced by A and the holomorphic
metric connection on Kx decays exponentially to a product connection

at each end, and
[ m=2] E
Rx 51! RxS1

It follows that the formal dimension of the moduli space is

)
2(1—9)2—7r /Rxsl Fy,.

But «a is a holomorphic section of £y which converges exponentially fast
at each end to a constant non-zero section. Hence, we can extend the
connection Ag|gyst to a holomorphic connection on a line bundle over
52, and extend « to a holomorphic section which does not vanish at
either of the points added at the ends. This means that 5’; fo g1 Fa, is
equal to the number of zeros (counted with multiplicity) of the holomor-
phic section . In particular, this integral is non-negative, and is zero
if and only if « is a constant section. Thus, the formal dimension of the
moduli space is non-positive and is zero only when « is constant along
each R x S1, and hence constant on X. This means that our solution
is the static solution. q.e.d.

Remark 6.21. Notice that in the course of this proof we have
shown that for any finite energy solution to the Seiberg-Witten equa-
tions on the infinite cylinder R x N then the spinor field is identified
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with a holomorphic section a of £y and

- Fa = 2(# zeros of a).
2w RxS1

Definition 6.22. We call (i/27) [, 1 Fa the degree of A along
R x S1, and similarly we define the degree of Ag along R x S!.

Let v: R — B*(Py) be a path with lims, _o (y(£)) = limsseo (7(2))
being the solution for Py of the three-dimensional Seiberg-Witten equa-
tions for Py. Say v(t) = (A(t),%(t)). Denote by A the connection on
R x £ =+ R x N determined by the path A(¢) on connections on L.
Lift v to a path 4 in B*(Py). This path has endpoints which differ by
a lattice point in H'(N;Z). Let §(v) be this difference. Then for any
one-cycle W in N we have:

i
5 | Fa= ()W),

Lemma 6.23. For any solution ¥(t), —0o < t < 00, to the gradient
flow equation with the property that limy, oo f (7(£)) and limy oo f (¥(t))
are both finite, the difference element 8(7y) is a non-negative integral
multiple of the Poincaré dual of [C] in HY(N;Z).

Proof. The condition on the limits of f(v(¢)) as ¢t — oo implies
that the gauge equivalence classes of lims,, _ooy(t) and limy,oo7y(t) are
equal to the solution to the three-dimensional Seiberg-Witten equations
on Py, so that the difference element §(7) is defined. For any z € C
the value of () on [S! x {z}] is equal to the integral of iF4 /27 over
R x S!. Since the metric is flat on this factor, this integral is equal to
twice the degree of Lo over R x S! x {z} which is equal to the number
of zeros of the section o on this factor. Since a is a holomorphic section,
its number of zeros is non-negative.

To complete the proof we need to see that (6(7y),{6o} x W) = 0 if
W is a one-cycle in C and 6y € S'. Consider the restriction of A4g to
any slice {t} x 8 x C. This is a connection on a complex line bundle of
degree zero. It, of course, determines a holomorphic structure for this
line bundle. The restriction of the section « to this slice is then a holo-
morphic section with respect to this holomorphic structure. Provided
that « is not identically zero on the given slice, this means that the
holomorphic structure determined by Ag over this slice is trivial. Under
the same proviso it follows that the holomorphic structure determined
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by A over this slice is isomorphic to the canonical holomorphic struc-
ture on K 51. Now « vanishes identically on only finitely many slices.
Hence, for all by finitely many points in z € R x S the holomorphic
structure determined by A over this slice is in fact isomorphic to the
canonical holomorphic structure on K 51. Since the holomorphic struc-
ture determined by A over the slice {z} x C varies continuously with
z, it follows that over all slices {z} x C the connection A determines
the canonical holomorphic structure on K, 51. But this means that the
gauge equivalence class of the restriction of A over the slices {z} x C
is independent of z. Of course the connection varies continuously as we
vary the point ¥ € R x S!. Thus the restrictions of A to the various
slices {y} x C are in fact gauge equivalent by a gauge transformation in
the component of the identity. Consequently, for each ¥y € R x S!

/ A
{y}xw

is independent of {y}. But

{t}x{8o}xW {t}x{8o}xW

Since these integrals are independent of ¢, it follows that the difference
is zero. q.e.d.

6.6. Perturbation of the equations

In this subsection we shall consider the same topological set-up: N =
S1 x C with C being a curve of genus g > 1 and £ having degree 2 — 2g
on C. All the structure established in the last two subsections holds for
a sufficiently small perturbation of the Seiberg-Witten equations. Fix a
harmonic one-form n € Q(C;R). We write n = 7 + 7 with 5 being a
holomorphic one-form on C.

We consider the equations on R x N denoted (SWp,) :

Ff = q(p) +i(sn+dt An),
Pa(y) =0,

where * is the complex-linear Hodge *-operator on N, and we have set
h=sx*n+dt An.
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Claim 6.24. The associated equations on N are (SW2)) :

Fawy = q(¥(t)) +i(xn),
Pay(¥(t)) =0

in the sense that the static solutions to the Equations SW}, are simply
the solutions to SW2,. Furthermore, the associated function on C(Py)
18

i) = [ Fagnasy [(anda— [ itmna+ [ wpa,

(where as before a = A — Ap) in the sense that solutions to the Equa-
tions (SWy) written in a temporal gauge yield C®-paths in C(Py) which
satisfy the gradient flow equations for f,. Lastly, the analogues of
Lemma 6.15, Corollary 6.17 and Lemma 6.18 hold for solutions to the
perturbed equations.

Remark 6.25. The gradient flow equation for f, is interpreted ex-
actly as in Remark 6.7.

Proof. All of this follows from the same computations given in the
unperturbed case. q.e.d.

We have already seen above that for all n sufficiently small there is
a unique solution to the Equations (SW32,). It is non-degenerate, and
we have explicitly identified the solution. As before the set of solutions
to SW3 in B*(Py) is a lattice associated to H'(N;Z) and for any
two solutions there is a difference element § in this lattice. Given any
smooth path v: R — B*(PN) with limg ey (t) and limy,, ooy(f) both
equal to the solution to SW2 , the difference element &(vy) € H*(N; Z)
is defined. As before, if y(t) = (A(t),%(t)), and A is the connection on
R x £ = R x N determined by the path A(t) of connections on £, then
for any one-cycle W in N we have
(2
% RxWFA = (5(7% W>
Notice that if y(t), —00 < ¢t < o0, is a solution to the gradient
flow equation for f, with f,(v(¢)) having finite limits at oo, then the
difference element () is defined.

Proposition 6.26. If n # 0 is a sufficiently small harmonic one-
form on C, then the only solutions (A(t),(t)) = y(t) to the perturbed
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Seiberg- Witten equations SW), (where h =+n+dtAn) on R x N which
satisfy:

o the limits as t — Loo of fn(y(t)) are both finite, and

o the difference element §(vy) is a multiple of the Poincaré dual of
(O] in H'(N;Z)

are holomorphic in the sense that the connection A defines a holomor-
phic structure on L and hence on Ly and ¢ = (o, B) with a being a
holomorphic section of Lo and with B being a holomorphic two-form
with values 1 Lg.

Remark 6.27. e In fact, this result holds for any non-zero holo-
morphic one-form, and the proof in the general case is similar to
the one given here.

e Notice that the same argument as in the unperturbed case shows
that if A is a holomorphic connection then the difference element
is indeed a non-negative multiple of the Poincaré dual of [C]. This
means that the second condition in the statement is necessary.

Proof. The condition on the limits of fn(t) as ¢ +— oo and the
analogue of Corollary 6.17 imply that at the two ends the solution decays
exponentially in the C*°-topology to the static solution. As before we
write ¥ = (o, ) with a € Q%(X; L) and 8 € Q%%(X;Ly). Then the
equations are:

dala) +4(8) =0

and
Ft =q(a,B) +i(xn +dt An).

Arguing as before with the Dirac equation and the curvature equa-
tion we have
F3% . 0+ 848,(8) =0.

Now we take L%-inner product with 8 and integrate. The result is
0,2 — 7 2

(10) (Fy* aB)e + 194872 = 0.

Of course, from the curvature equation it follows that

F/O{2 =af + i(*n + dt An)2.
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Claim 6.28. The second condition in the statement of the proposi-
tion implies that

(F2,i(4n + dt An)0?) 2 = 0.

Proof. By hypothesis F4 decays exponentially to the same constant
closed two-form at the two ends of X, a closed two-form pulled up from
a form on C, whose (0, 2)-component is zero. This means that the L2-
inner product is finite. Since *n + dt A n is self-dual and annihilates the
Kahler form we have

(FY?,i(kn +dt An))?) g = %(FA, i(xn +dt An)))p2.

Now let us subtract from F,4 the pullback of the form on C which is
the limit of F4 at each end. This does not change the inner product
since this form is pointwise orthogonal to both *n and dt A n. Let the
difference form be A. Then A exponentially decays to zero at each
end of X, and hence represents a relative cohomology class. The inner
product

%(FA,i(*n +dt An))2

is then the cohomological product
:—Z/ A A (xn + dt An).
2 Jx

The second term vanishes since d(tn) = dt An and A is a relative class.
The first term is equal to

= A='—"/ Fp = —(6(7), W),
2 JrRxw 2 Jrxw

where W C C is the real cycle Poincaré dual in IV to *n. By hypothesis
5(v) is Poincaré dual to [C] in H'(N;Z) and hence vanishes on any
one-cycle W in C. This completes the proof of the claim. q.e.d.

Thus, adding (ng,’ z'(*'n,-i— dt/\n))L2 = 0 to Equation (10) we obtain
IFE 12 + 184 (B)I1Z: = o.

It then follows that Fg’z = 0 and hence that A is a holomorphic
connection. It also follows that « is a holomorphic section and that 3
is a holomorphic two-form. Lastly, we have

asg+i(sn+dtAn)®? =0

751
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or
af = —2i(xn)2.

This completes the proof of the proposition. g.e.d.

Now we come to the crucial lemma which deals with the difference
element.

Lemma 6.29. Fiz a constant K > 0. For any harmonic one-form
n on C which is sufficiently small the following holds. Set h = sn-+dtAn.
Then for any solution y(t), —oo < t < 0o, to the Equations SW}, which
has finite limits as t = oo for fo(v(t)) and for which the difference of
these limits is at most K, the difference element §(v) in HY(N;Z) is a
multiple of the Poincaré dual of [C].

This lemma will be proved in the next subsection.

Lastly, we have our result:

Proposition 6.30. Fiz a constant K > 0. For any non-zero har-
monic one-form n on C which is sufficiently small the following holds.
Set h = *n + dt An. Then any solution (t), —o00 < t < 00, to the
Equations SWy, for which the limits for fn(y(t)) as t — oo are finite
and the difference of these limits is at most K 1is a static solution.

Proof. Putting together Proposition 6.26 and the previous lemma,
we conclude that, for any n sufficiently small, any solution (A4, (a, 8))
to SW}, has the following properties:

e A is a holomorphic connection for £,

e « is a holomorphic section of £y = /L ® Kx,

e (3 is a holomorphic two-form with values in Lo, and
e & is equal to the (0,2)-component of —2i(*n).

The line bundle £ is trivial on each slice {t} x {#} x C, and hence the
section « is constant along each of these slices. Notice that the (0, 2)-
component of n is invariant under the natural action of S and R, and
that it does not vanish identically on any slice {t} x {6} x C. This implies
that « is never zero, and thus, the bundle £y is holomorphically trivial
on each R x S! with « being a constant section. Since the product @8
is also constant on each R x S'-slice, it follows also that 3 is constant
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on each R x S'. Thus, the solution is invariant under the translation
action of R and hence is a static solution. gq.e.d.

6.7. Limits

Now we turn to the proof of Lemma 6.29. The fact that the critical
points of f in B*(Py) are non-degenerate and form a discrete subset
easily yields the following.

Lemma 6.31. There are constants K1,6 > 0 depending only on N
such that the following holds. For € > 0 sufficiently small there is a con-
tractible open neighborhood v of the critical point for f in B*(Py) with
contractible closure, such that the following hold:  Let -y(t),
0 <t<T be aCl-path in C(Py) which solves the gradient flow equa-
tions for f.

o If the image of v in E*(PN) is a path with endpoints in different
components of the preimage of v C B*(Py) then

f(y(T)) — f(+(0)) = Kx.

e If the image of 7y to g*(PN) has endpoints in the same component
of the preimage of U, then the L3-distance from () to the critical
point g of f is at most

doexp(—0t) + drexp(—46(T — t)),
where do,dr are respectively the L?-distances of v(0),v(T) from
-

e Ifa,b € B*(Py) are in the same component of the preimage of 7,

then |f(b) — f(a)| < e.

e For any harmonic one-form n € QY(C;R) which is sufficiently
small these results hold for the function f, replacing f.

Now we need a related, but slightly more delicate estimate.

Corollary 6.32. Fiz a neighborhood v as i Lemma 6.31. Then for
any e > 0 the following holds for any harmonic one-form n € QY(C;R)
sufficiently small. If x = (A,) € C(Py) is in the complement of the
preimage of v, then

IV (2) = Vin(@)llz2 < ellVF(@)ll L2
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Proof. According to Lemma 6.10 there is A > 0 depending on v such
that for = as in the statement ||V f(z)||2 > A. We simply require n to
be sufficiently small such that ||n|y 2 < eA. Since Vf — V f, = xin, the
result follows immediately. q.e.d.

Proposition 6.33. Fiz a constant K > 0. For any sufficiently
small harmonic one-form n on C the following holds. If ~(t),
—00 < t < 00, is a solution to the gradient flow equation for f, with

limgs oo (fr(7(8))) — limees, —oo (fa(7(2)) < K,

then the difference element 6(v) is a multiple of the Poincaré dual of
[C].

Proof. Fix € > 0 with € << K, the constant given in Lemma 6.31.
Construct the neighborhood v C B*(PN) of the critical point for f
for € as in Lemma 6.31. Let & be the preimage of v in B*(Py). Now
fix 0 < e << 1. Lastly, fix a harmonic one-form n on C, sufficiently
small so that the last item in Lemma 6.31 holds for it and such that
Corollary 6.32 holds for v and e and this n.

Now consider an open interval I, a closed subinterval [4,B] C I,
and a flow line y: I — E*(PN), to the gradient flow equation for f,.

Claim 6.34. If A < a < c¢ < b < B, 1f y(a) and y(b) are in the
same component, say Uy of ¥, and y(c) s in the closure of U, then v(c)
is in the closure of the component .

Proof. The function f,(y(¢)) is an increasing function of ¢. Accord-
ing to Lemma 6.31 the fact that y(a) and (b) are in the closure of the
same component of 7 means that 0 < f,(v(b)) — fn(v(a)) < e. If v(c)
is in the closure of a different component of , then the same lemma
implies that

|fn('7(c)) - fn('Y(a))' > Kj.

This is impossible given the first inequality and the fact that
fr{((t)) is a monotone increasing function of ¢ and that ¢ << Kj.
q.e.d.

Now we consider the maximal intervals by,... ,b; in [4, B] with the
property that the endpoints of each b; map into the same component of
O0U. According to the previous lemma, these intervals are disjoint. We
number them from left to right. Let ag,...,a; be the complementary
set of intervals in [A, B], also numbered from left to right. We call the
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a; spanning intervals and the b; local intervals. We allow the possibility
that ag and/or a; is empty, but when either of these is non-empty we
call it an extremal spanning interval. The other spanning intervals are
called regular spanning intervals.

For any subarc u C [A4, B] we define Jf(u) (resp. dfn(u)) to be the
value of f (resp. fn) at the final point of u minus the value of f (resp.
frn) and the initial point of u.

Claim 6.35. Fiz e > 0 and small. Then there exists an open neigh-
borhood v of the critical point for f such that when n is sufficiently
small and for any C'-path v: I — C(Py) which solves the gradient flow
equation for the function fn, and any closed subinterval [A,B] C I, the
following hold:

e 5f([4,B]) > —e.
o Ifmax(8f([4, B),6fa([A, B)) > Ki, then

_ 4a[A, B))

(=9 < 5504 B)

<(1+e).

Proof. Let K; be the constant given in Lemma 6.31, and fix a
neighborhood v so that Lemma 6.31 holds with € replaced by €¢/6. Fix
a positive e << € and require n to be sufficiently small so that Corol-
lary 6.32 holds for the given neighborhood v and the given constant e.
Then for any spanning interval a C [A, B] we have

e

6(a) = fa(a)] < T—dfna),
and hence,
dfn(a)
(11) (1-e <L <

In particular, for any spanning interval a C [A, B] we have §f(a) > 0.
Furthermore, if a is a regular spanning interval, then we have

755

min(df(a),dfr(a)) > Kj. Of course, by the third condition in Lemma 6.31,

if b C [A, B] is a local interval, then Jf(b) > —¢/6. Since the spanning
intervals and local intervals alternate and since € << K, it follows eas-
ily that the only way that §f([A, B]) can be negative is for there to be
no regular spanning interval in A, B]. If this is the case, then there is at
most one local interval in [A, B] and —e is a lower bound for ¢ f ({4, B]).
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Now let us consider the second statement. It follows immediately
from Inequality (11) that

e Zz‘sfn(az)
=0 < S i)

Also, for any local interval b; we have

wf(bj)la |6fn(bj)’ < 6/6'

Using the fact that the a; and the b; alternate and that for each regular
spanning interval a; we have min(df(a;),df,(a;)) > K, it is easy to
see, provided that

< (14 2e).

max (6 ([4, B]), 6 fn([4, B])) = K1,

we have ¢
T ;aﬂai) > ; 167 (85)]
and
;ﬁgafn(ai) > ;Wn(b ) >0
Thus,
s 6fn(ai) ~ 9fn(lA4,B]) _ (1+(¢/3K1)) 3, 0fn(as)

(1+(e/3K1)) 32, 0f(ai) = 6f([4,B]) — (1—(¢/3K1))>2;0f(a:)’
and therefore

l-—e _ dfn([A, B)]) <1+ (e/3K1)
1+ (6/3K1) - 5f([A,B]) - 1- (6/3K1)

Since € << K, and e << ¢, this yields

57 (14, B])
=9 < 5704, 3)

(1+ 2e¢).

< (1+e).

This completes the proof of the claim. q.e.d.

Now let us return to the proof of the proposition. We let
7: (=00, 00) = C*(Pw)

be the flow line corresponding to a solution of the perturbed Seiberg-
Witten equations satisfying the hypothesis of the proposition. It follows
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from the previous claim that there is a constant K’ depending only on
K such that

—e < limp o0 f (1(8)) — limps oo f (1(2)) < K.

As shown in Lemma 6.10 there is a positive lower bound to ||V f(v(t))| .2
for any ¢ for which () is not contained in the preimage of v. This bound
is independent of v and n. This and the previous inequality yield that
there is an a priori bound to the total length of the domains of all the
spanning intervals for y. Also, since the change of f along each spanning
interval is at least K, this implies that there is an a priori bound to
the number of spanning intervals in +.

Now suppose that we have a sequence of solutions ¥/(t) for the
gradient flow equations for f,; where the n/ — 0 as j — oco. By passing
to a subsequence we can suppose that the number of spanning intervals
for each of the paths 47 is constant, say equal to k. We denote the

spanning intervals for 77 by al, . ,afc We can also assume that for

each ¢ < k the lengths EJ of al converge to a finite limit £; as j — oo.
Let b),... ,b] be the local intervals for 49. We also arrange that for each
i, the lengths mg of the b-z converge as j — oo. Some of the limiting
lengths may be finite and others may be infinite. For each j we form
a new set of intervals by taking the components of the subset of R
which is the union of all the {a!} with the union of the set of {b]} for
which llm,Hoomt < oo In this way for each j we construct a finite set
of intervals sJ,... , s’ 7 in R whose lengths converge to finite hmlts as

j + oo and which contain all the spanning intervals. Let rO, I f be

the complementary set to the {sj }. The rJ have lengths gomg to co as
j + oo. (Notice that each r! is a local 1nterva1 and that r} and r} t are

semi-infinite intervals but that all the other ri are finite intervals.)

The endpoints of each sz are mapped into the same component of the
preimage of 7. We denote the difference element in H'(N;Z) between
the component of the preimage of v containing the limit at —co and the
component of 7 containing the endpoints of rJ by 6J Notice that 63 =0
for all 7 and that 6?, = 6(47) for all j.

We pass to a subsequence of the 4/ such that, for each 7 < f, the
geometric limit of 47 (¢) centered at a midpoint of s? exists. (This means
that for each 7, up to gauge equivalence, for every T > 0, the following
sequence of configurations on [—T,T] x N, indexed by j > 1, converges:
For each j let tg be the midpoint of s]. Translate the restriction of
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v to [=T + t1,¢ + T) to the left by ¢ to form a path on [-T,T), or
equivalently a configuration (B7, ) on [~T,T] x N.) Clearly, for each
1, this geometric limit is a solution on R x IV to the Seiberg-Witten
equations and hence in a temporal gauge gives a C'°°-path which solves
the gradient flow equation for f. Furthermore, the limits at both +oo
of this path is the critical point of f. Thus, for all ¢ sufficiently large,
the difference element of this solution is equal to the element measur-
ing the difference of the components of the preimage of ¥ containing
the endpoints of §/. This element is of course equal to (5] - (5{ .- By
Lemma 6.23 we see that this limiting difference element is a multiple of
the Poincaré dual of [C]. It then follows for all j sufficiently large that
we have §] — §7_; is a multiple of the Poincaré dual of [C]. Hence, by

induction on i, for all j sufficiently large, we see that the (5{ is a multiple

of the Poincaré dual of [C] for all . In particular for all j sufficiently

large we have 5; = 6(+’) is a multiple of the Poincaré dual of [C].
This completes the proof of the proposition.

7. Boundedness of the gradient flow line as we stretch out
the neck

7.1. The case of the unperturbed equation

Let us formulate the context precisely. Let N be a closed oriented,
riemannian three-manifold. Let M be a smooth four-manifold and sup-
pose that N C M is a smoothly embedded three-manifold dividing M
into two pieces ¥ and X. We fix an orientation on M and we take the
orientation on N induced by requiring that the orientation on N pre-
ceded by the unit normal vector to N pointing into Y gives the orienta-
tion of M. Let v be a product neighborhood [—1,1] x N. We consider
a family of metrics {g;} on M, parametrized by s in the interval [1, cc)
which are all the same on M — v but stretch out the product neighbor-
hood of N. That is to say, we suppose that gs|, = As(t)2dt? + d6? + do?
where dit? is the usual metric on [—1, 1], d6? is the usual metric on length
27 on S, do? is a fixed (say, constant curvature) metric on C, and A, (%)
is a positive smooth function on [—1, 1] which is identically equal to one
on [—1,—-1/2]U[1/2,1] and satisfies

1/2
/ Ao(B)dt = 5.

~1/2



THE GENERALIZED THOM CONJECTURE

We denote by M, the riemannian manifold (M, g;), by N- and N, the
submanifolds {—1/2} x N, {+1/2} x N inside M;, and by T, C M the
cylinder that they bound.

Fix a Spinc-structure P on M. Let Py be the restriction of P to N.
If (4,%) is a solution to the Seiberg-Witten equations for P over Mj,
then the restriction (A,v)|r gives a C*°-flow line for the gradient flow
equation

Y (t) = VI(x(t)

in the space of configurations C*(Py) defined on an interval of length
s. We have an isometry from [0,s] x N with 7. Let Ny, N_ be the
boundary components {s} x N,{0} x N, and denote by S the differ-
ence My — Ts. This is a riemannian manifold with boundary which is
independent of s. The next two lemmas are of crucial importance.

Lemma 7.1. There is a constant E depending only on M such that
for any s > 1 and any solution (A, 1) to the Seiberg-Witten equations
for Py over M and any x € M, we have

()| < E.

Proof. Since there is a uniform bound to the scalar curvatures of
the M for all s > 1, the result is an easy application of the maximum
principle; cf. [4]. q.e.d.

Lemma 7.2. There is a constant K > 0 depending only on M and
the isomorphism class of the Spin®-structure P such that the following
holds for any s > 1. If (A,%) is a solution to the Seiberg-Witten equa-
tions for P, over M, and «y: [0,s] — C(Pn) is the gradient flow line
associated to the solution, then

0< f(v(s)) — f(2(0)) < K.

Proof. According to the previous lemma there is a uniform pointwise
bound for [¢| and hence for |F;| independent of s and the solution
(A, ). Of course, we have

/ iFA NiF4 = —1—<c1(£)2,[M])-

472
This means that
(12)

L (a0, [M)).

”F,I”i?(S) — 1FZ 11725 +/ iFs NiFg =

8

759
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The right-hand-side of this equation is determined by P. Of course,
the pointwise bound on Fj implies that there is a constant K’ > 0
depending only on S and P|g such that

(13) IF L1225 < K.

_ Claim 7.3. There is a constant K" > 0 depending only on M and
P such that

FasNFy > —K".
T

Proof. By Stokes’ theorem we have

FH($) (1 (0))
(14) — [ FanEa+ /N (W, Fa())

Ts

- [ w.daw)
N_

Since v is a flow line from the gradient flow equation

v (t) = Vi),

we see that
f(v(s)) — f((0)) =2 0.

Thus, to complete the proof, we need only show that there is a bound
depending only on M and P to both

/ W, B4 ()
Ny

and

[ .04

But these bounds are immediate from the a priori pointwise bound on
|| and the L?-bound on V. q.e.d.

As an immediate consequence of this claim we have that

(15) / iFAs NiFy < K".

S
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It follows from Equation (12) and Inequalities (13) and (15) that
”F—“%2(5) is bounded above by a constant depending only on M and

P. But once we know that both ||F%||3, are bounded by a constant
depending only on M and P, the same is true for

/ tF4 ANiFy

s

Invoking Stokes’ theorem once again we see that f(vy(s)) — f(v(0))
is bounded by a constant depending only on M and P. q.e.d.

7.2. The case of the perturbed equation when N = §! x C
and £ has degree +(2 —2g) on C

Now let us suppose that N = S' x C, with C being a riemann
surface of genus g > 1. Suppose that P — M is a Spin‘-structure whose
determinant line bundle £ has degree 2 — 2g on C. Let M; = (M, g;)
be the family of riemannian manifolds discussed in the last section. Let
©ws: Ms — [0,1] be a C* function which is identically 1 on 75 and whose
support is contained in [—-1,1] x N C M. We choose the ¢, so that they
are all the same on M; — T under the obvious identification of these
spaces. As before, we let N_ and N, be the copies of N which make
up 07Ts. Fix a real harmonic one-form n on C. For each s let h; be the
self-dual two-form ¢ (*n + dt A n) where * is the Hodge *-operator for
N. We consider the perturbed Seiberg-Witten equations (SWp,) :

FZ_ = Q('(p) + ths,
Pa(y) =0.

The restriction to the tube T of a solution to the perturbed Seiberg-
Witten equations SWj, gives a C*°-path v which solves the gradient
flow equation:

v (t) = Via(y(1)

defined on an interval of length s. We denote by ¢4 the values of the
parameter corresponding to Ni.

Lemma 7.4. There are constants E, Ky depending only on M and
P such that for any s > 1 and any sufficiently small harmonic one-
form n € QY(C;R) the following hold. If (A,%) is a solution to SWp,,
and 7y: [0,5] = C(Py) is the gradient flow line for f, associated to this
solution, then
0 < fa(y(s)) = fn(7(0)) < Ko,
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and for every r € M;
lv(z)| < E.

Proof. The pointwise bound F for the spinor field 1 follows just as
in the unperturbed case. Also, Claim 6.35 shows that if n is sufficiently
small, then there is a universal lower bound (—¢) to f(v(s)) — f(v(0)).
Consequently, the arguments given in the unperturbed case show that
there is a constant Ky depending only on M and P such that for any
s > 1 and any solution (A, 1) to the perturbed equations SW},, we have

/ FanFy

It follows that for the functional f associated with the unperturbed
equations we have

< Kp.

£ (v(8)) = fF(v(O)] < K,

for some constant C; depending only on M and P.
By Claim 6.35, provided that n is sufficiently small, we see that

fn(7(5)) = fn(+(0))

is bounded from above by a constant K, depending only on M and P.
It is positive since 7y(t) is a gradient flow line for f,. q.e.d.

Corollary 7.5. There is a constant K > 0 depending only on M
and P such that for any harmonic one-form n # 0 in QY(C;R) suffi-
ciently small and for any s > 1 and any solution (A,) to the perturbed
Seiberg- Witten equations SWy, on Mj, the restriction of (A,1)) satis-
fies the following. For any t € [0, s], we have that the L? distance from
(A(t),%(t)) to a static solution is at most

Kexp(—dd(t)),
where § is the constant in Lemma 6.15 and where d(t) = min(t,s — t).

Proof. This is immediate from Lemma 7.4 and Proposition 6.30 and
standard limit arguments.
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8. Definition of the moduli spaces for cylindrical-end
manifolds

The gluing theorem will describe all solutions to the monopole equa-
tions on M whose determinant line bundle has degree +(2 — 2g) on C
in terms of solutions on the two sides. First, we need to define and
study the moduli spaces of solutions to the monopole equations on non-
compact 4-manifolds with ends isometric to [0, 00) x N. Of course, the
same equations make sense over a non-compact four-manifold. We con-
sider only solutions to the equations which are of finite energy on the
cylindrical end, as we make precise below.

Now we are ready to define the moduli space for a cylindrical end
four-manifold. For the moment fix an arbitrary, closed, oriented, rie-
mannian 3-manifold N and an complete riemannian 4-manifold X whose
end is orientation-preserving isometric to [—1,00) x N.

Let f: C*(Py) — R be the function introduced in Subsection 6.2.

Definition 8.1. Fix a Spinc-structure P on X whose restriction to
N is denoted by Py. For any C™ solution (A4, %) to the Seiberg-Witten
equations with respect to this Spin®-structure there is a temporal gauge
for P restricted to the cylindrical end so that the flow line «y: [0, 00) —
C*(Py) determined by the solution satisfies the gradient flow equation.
Such a temporal gauge is unique up to an automorphism of Py. A
finite energy solution to the Seiberg-Witten equations is a C'**-solution
for which an associated flow line v: [0,00) — C*(Py) satisfies

limgse0f (() = f(7(0)) < oo

(Notice that this condition is independent of the choice of temporal
gauge.)
Actually, we are mainly interested here in the case where N = S'xC.

In this case it will be convenient to work with solutions to a perturbed
equation with the same finite energy condition.

Definition 8.2. Let N = S! x C, and let n € Q(C;R) be a har-
monic form. Fix a C* function ¢: [~1,00) — [0, 1] which is identically
zero near —1 and identically 1 on [0,00). We can view ¢ as a function
from X to R by defining it on the end by projecting onto to [—1, c0)
factor and extending it to be identically zero on the rest of X. Consider
the modified Seiberg-Witten equations for a pair (A, )

(16) F} =q(¢) +ip(xn + dt An),
Pa(y) =0.

763
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Here *n represents the dual of n in the three-manifold N = S1 x C.
Analogously to what we did in the unperturbed case, we consider
only C°-solutions to these equations which satisfy

limyy o0 fr(7(2)) — fr(v(0)) < oo,

where f,, is the function introduced in Subsection 6.6, and : [0,00) —
C*(Py) is the gradient flow line for f, determined by the restriction of
the solution to the cylindrical end of X in a temporal gauge. As before,
we call such solutions finite energy solutions to the perturbed equations.

The first result to establish is that any finite energy solution to the
Seiberg-Witten equations or the perturbed Seiberg-Witten equations in
fact has exponential decay to a static solution in an appropriate gauge.

The following is an immediate consequence of Lemma 6.15, Claim 6.24
and the argument given in the proof of Corollary 6.18.

Theorem 8.3. Let N = S' x C, and let X be a complete rieman-
nian manifold with cylindrical-end isomorphic to [—1,00) x N. Let P be
a Spint-structure whose restriction to N is isomorphic to the pullback
from C of a Spin®-structure whose determinant line bundle has degree
+(2—2g). Then the following holds for any sufficiently small harmonic
one-form n € QY (C;R). Let (A,1) be an finite energy solution to the
perturbed Seiberg- Witten equations (16) associated to P. Then there is
a C°°-product structure for Pl[O,oo)xN such that in this product structure
(A, 1) converges exponentially fast to a static solution. The exponent of
the decay § depends only on the riemannian metric on N. Furthermore,
there is a constant E, depending only on X such that if (A,v) is a finite
energy solution to the above equations, then | (z)| < By for allz € X.

Remark 8.4. Notice that since in an appropriate gauge A decays
exponentially fast to a static solution and for the static solution B we
have Fg A Fp = 0, we see that [, F4 A F4 is finite. We call

-1

T FANF4
™ JXx

the Chern integral of the solution and denote it by c(A4, ).

Let M(P) be the set of all finite energy solutions to the Seiberg-
Witten equations SW. We give M(P) a topology as follows. Let (4, 1)
be a finite energy solution. Then a basis for the open neighborhoods of
(A, %) are determined by choosing T' € [0,00), € > 0, and k € Z" such
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that, letting - be the flow line associated to (4,1)) in a temporal gauge,
we have

limgsoo f(Y(8) = F(2(T)) <e.

We then define U(T,€) to be the subset of all finite energy solutions
(A’,9") to the equations such that

disten (xpy (A9 xr, (A, %) xp) <€

and
limtn—)oof(’y,(t)) - f(’Y,(T)) <e

where Xp is the complement of the cylinder (T,00) x N in X, and
is the flow line associated to (A4’,4’) in a temporal gauge. The group of
gauge transformations G(P) is simply the group of all C™-changes of
gauge. It clearly acts continuously on M(P). We denote the quotient
by M(P). As with the case of SU(2)-ASD connection, the moduli space
M(P) is given by the zeros of a map with Fredholm differential modulo
the action of the group of changes of gauge (c.f., [10], [6]). The index of
the Fredholm complex is

(17) i (%2 /X Fa A Fa—2x(X) — 30(X)>

= 2le(4,8) — 2x(X) = 3o(X)].

For a generic compactly supported, real, self-dual two-form n* the per-
turbed Seiberg-Witten equations, where the curvature equation is re-
placed by

F} =q(y) +int,

determine a moduli space M (P,nt) which is a smooth manifold whose
dimension at any point (A, ) is given by Equation (17).

It is clear from the definition of the topology that the Chern integral
is a continuous function on M(P) and M(P,n*). On the other hand,
the values taken by the Chern integral form a discrete set. Hence, the

Chern integral gives a locally constant function on M(P). We denote by
M(P) the union of components where the value of the Chern integral
is ¢. Similarly, we define M (P, n%).

The same topology and group action in the case of the perturbed
equation leads to a moduli space M(P,n) and the subspaces M (P, n)

of a given Chern integral. As before, these subspaces are each a union of
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components. The same formula gives the formal dimension of this mod-
uli space for the perturbed equations. As before, a further perturbation
of the equations leads to:

F{ =q(¢) +ip(xn +dt An) +in?,

‘?A (¢) =0,

for a generic compactly supported, self-dual real two-form 7 leads to
moduli spaces MC(P, n,n™) for all ¢ which are smooth and of the correct
dimension.

Notice that for a generic compactly supported purely imaginary self-
dual two-form i7" the moduli space M(P,n,n) is empty if ¢ < 2x(X)+
3o (X).

Compactness results. Here is the basic compactness result in our
context.

- Proposition 8.5. Let X be a complete riemannian four-manifold
with cylindrical end isometric to [—1,00) X N, with N = S* x C for
a curve C of genus g > 1. Let P be a Spin-structure on X with
determinant line bundle £ whose restriction to the end is isomorphic
to the pullback from C of a bundle of degree £(2 — 2g). Fiz cg. Then
for all sufficiently small harmonic one-form n # 0 on C the following
holds for every ¢ < cg: Let Mq(P,n) be the moduli space of gauge
equivalence classes of finite energy solutions to the perturbed Seiberg-
Witten equations SWp, (16), which also satisfy

(18) j/FAAFAZC.
4 X

(We take h = p(xn+dtAn).) Then this space is compact. A further per-
turbation of the first equation by adding a generic compactly supported
self-dual, purely imaginary, two-form in™ on X to the right-hand-side
leads to a compact moduli space M(P,n,nt) which is smooth of the
correct dimension at each solution.

Proof. The usual maximum principle arguments as in the compact
case [2] show that for any solution (A,%) to the perturbed Seiberg-
Witten equations SW;, there is a bound to the pointwise norm of ¢
and FX. These bounds are independent of n and 5™, provided only
that these forms are sufficiently small. Let us consider the gradient flow
path v: [0,00) — C(Py) for f, associated to a solution of the perturbed
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equations. Arguing as in Section 7 we see that this implies that there
is an upper bound K (X, P, ¢y) to

limg oo f(7(1)) — £(7(0)),

which depends only on X and P and the upper bound ¢ for the Chern
integral.

Now we require that n # 0 to be sufficiently small so that Propo-
sition 6.30 holds for n with the constant K of that proposition being
K (X s ]5 s C[)).

Now suppose that we have a sequence {(A;, )} of solutions to SW,
of Chern integral ¢ < ¢p. Using the bounds described in the previous
paragraph and a standard diagonalization argument, after passing to a
subsequence we can suppose that there is a configuration (A,1) such
that, up to gauge, the sequence converges C'™ on each compact subset
of X to (A,4). Of course, (A, ) is a solution to the perturbed Seiberg-
Witten equations SWj. It will be the limit of the sequence in the
topology of the moduli space if and only if its Chern integral is equal to
¢. If its Chern integral is not ¢, then this means that there is a sequence
of T; — oo and € > 0 such that

[o ]
/ FANFy
T;

> €.

Because of the exponential decay result in fact this means that there is
a sequence T; — oo and ¢ > 0 such that

Ti+1
/ FoaNANFy
T

Z €

Now we take a geometric limit of the configurations on [—T;, T;] x N
given by translating the solution (A, v;)|jo,27;)x & by —7; in the first fac-
tor. The result is a solution to the perturbed Seiberg-Witten equations
on R x N. The curvature equation on R x N is

Ff =q() +i(xn -+ dt An).
Clearly, this limiting solution satisfies:

limg oo f (¥(2)) — lith—oof('Y(t)) < K(X, ]5’ €o)s

1
/ Fs ANFyl > e
0

767
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This contradicts Proposition 6.30 which says that all solutions to the
perturbed equations satisfying the first condition must be static.

The last statement about the compactly supported perturbation to
achieve smoothness goes just as in the compact case. q.e.d.

This compactness result does not hold for M (P) and M.(P,nt).
The reason is that there are non-static finite solutions to the Seiberg-
Witten equations on the cylinder R x N. This is in fact the reason that
we were led to consider the perturbation of the equations by adding a
term in the cylindrical end.

As an immediate corollary of the compactness result we have the
following uniformity result.

Corollary 8.6. Let N = S! x C, and let X be a complete rieman-
nian manifold with cylindrical-end isomorphic to [—-1,00) x N. Let P
be a Spint-structure whose restriction to N is isomorphic to the pull-
back from C of a Spin®-structure whose determinant line bundle has
degree £(2 — 2g). Then for any cy the following holds for any suffi-
ciently small harmonic one-form n # 0 € QY(C;R) and every ¢ < cy:
There is a constant T > 1 such that if (A, ) is a finite energy solution
to the equations SW;, with Chern integral c, then for every t > T the
restriction (A(t),¥(t)) is within exp(—z(t — T)) in the L3-topology of a
solution to the equations SW,, on N, where the constant z depends only
on N. The same result holds when the curvature equation is replaced by

Fj = q(¢) +ih +in™T

for any sufficiently small, compactly supported, self-dual two-form n*
on X.

9. The Gluing Theorem

Now we come to the gluing theorem in our context. Let M be a
closed oriented four-manifold, and let N = S*xC. Suppose that N C M
is a smooth embedding with M — N = X [[Y. Fix complete metrics
on X and Y which have cylindrical ends with orientation-preserving
isometries to [—1,00) x N. For any s > 1 we denote by X and Y;
the compact manifolds with boundary obtained by truncating X and
Y at {s} x N. For any s > 1 let M, be the closed riemannian four-
manifold obtained by identifying X and Y along their boundaries by
the identification which is the identity on C and is complex conjugation
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on S'. Fix Spinc-structures Px and Py whose determinant line bundles
restricted to N are both isomorphic to the pullback from C of a line
bundle of degree (2 — 2g) on C. Also fix an integer e. Let co(X) =
e —2x(Y) —30(Y) and let ¢p(Y) = e — 2x(X) — 30(X). We choose
small perturbations of the monopole equations for X and Y so that the
equations on X are Sth e

Ff = q(¥) +ipx (+n + dt An) + in,
Pa(y) =0,

where n is a harmonic one-form on C, hx = *n + dt A n, n} is a
compactly supported self-dual two-form, and ¢ x is a C* function which
is identically 1 on [0,00) x N and vanishes off of [—-1,00) x N. For
any c(X) let MC(X)(PX,n,n}) be the moduli space of finite energy
solutions to the perturbed equations with Chern integral ¢(X). In a
completely analogous fashion we fix yy and define the moduli space
Mc(y)(lay,n,n@ of finite energy solutions to SW, nf with Chern

integral ¢(Y'). By choosing the n; and n; generically, we arrange that
these are smooth, compact moduli spaces for all ¢(X) < ¢o(X) and
c(Y) < e(Y).

Let S be the set of isomorphism classes of Spin® structures P on M
with the property that }5| x 2 Px and }5|y >~ P. We denote by S, the
subset of those Spinf-structures in & whose determinant line bundle
L satisfies ¢;(£)? = e. Let P represent an element of S,. For each
5 > 0 we have the corresponding Spin¢-structure P; over M. For any
s sufficiently large we denote by n* the self-dual form on M; which is
n} + n§ . (Notice that if s is sufficiently large the support of n} and 17;5
are contained in M; and are disjoint in M;.) We define M(P;, hs,n™)
the moduli space of solutions to the perturbed Seiberg-Witten equations
Sth+n+Z

F} =q(3) +ips(*n + dt An) +in?,
Pay) =0

for P,. Here, @s: My — [0,1] is the function which agrees with px on
X5 C M, and with ¢y on Yy C My, and hg = @(¥n + dt An).

Theorem 9.1. The Gluing Theorem. With the notation and
assumptions above, suppose that n is sufficiently small and generic, and
that n} and n; are generic. Then for all s sufficiently large and for
each P € S,, the moduli space M(P;,n,n") is a smooth manifold of
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the correct dimension. Furthermore, gluing together configurations on
X and Y and deforming slightly so as to solve the perturbed Seiberg-
Witten equations determine a diffeomorphism

[T Mea®Px,nad) x Me,(By,n,ng) = [ MPs,n,07).

c1+ce2=e 15683

In addition, there is a constant T > 0 depending only on X and Y,
and for given an integer k > 0, there are constants K,6 > 0 such that
the following holds for all s sufficiently large: If [A,¥] € M(Ps,n,n")
corresponds to the pair

([AX’d]X]? {AYad]Y]) € Mcl (pX7n777;-() X Mcz(pyanan)t)

under the gluing isomorphism, then up to change of gauge, the restric-
tions to Xs_1 of [A,v] and [Ax,¥x] are within a distance Ke % in
the C*-topology on Xs_1. There is the analogous statement for the re-
strictions to Ys—1. Lastly, with appropriate conventions on orienting the
moduli spaces for X andY and for M, then the diffeomorphism acts by
(—l)bl(X’N)bZZU(Y’N) on the orientations, where, b%,(Y, N) is the dimen-
sion of any mazimal positive semi-definite subspace for the intersection
pairing on H*(Y,N;R).

Notice that M., (Px,n,nt) is empty if ¢; < 2x(X) + 30(X), and
similarly for ¢;. It then follows that ¢; < ¢(X) and ¢z < ¢(Y'), so that
the disjoint union of the products of moduli spaces for X and Y is finite
and that the compactness results of the previous section hold for all the
moduli spaces of X and Y that appear in this union of products.

The fact that the gluing map induces diffeomorphism follows by the,
by now standard, gluing arguments and limiting arguments (see [2], [11])
from the following facts:

e The moduli space of solutions over the three-manifold consists of
a single point, that point being smooth (Corollary 5.3.).

e The fact that the moduli spaces of the cylindrical-end four-manifolds
which appear in the disjoint union of products are smooth and
compact (Proposition 8.5) and have the uniform decay as de-
scribed in Corollary 8.6.

e The decay result in the center of the tube T for solutions over the
manifold Mj, results which are uniform in s (Corollary 7.5.).
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The next paragraph discusses the orientations and proves the state-
ment concerning orientations.

9.1. Orientations

Let us compute the elliptic complex associated with the Seiberg-
Witten monopole equations on a four-manifold Z with cylindrical end.
As we have seen, we can work in the context where the connections
and changes of gauge are exponentially decaying with a given exponent
of decay 4 > 0. Thus, the tangent space at the identity to the group
of changes of gauge is QJ(Z;iR), the tangent space to the space of
connections at any point is Q};(Z ;1R), and tangent space to the affine
space where the curvature lies is Q?f_’ 5(Z;iR). Similarly, we can view

the sections of $*(P;) as differing from a fixed section which is in
the kernel of the Dirac operator at least in the cylindrical end by a
0-decaying section. Thus, the elliptic complex associated to a solution
(4,1) of the Seiberg-Witten equations on a cylindrical-end manifold is

0 —— Q%(Z:R) 28T, 0L(Z;iR) © O (SH(By
—— Q2 4(Z;iR) © C%(S~(Pp) —— 0

where m, (f) is the section —if1 of ST(Pyz), and the last map is given

by the matrix
<d+ Re(< %, >)>
icy Pa '
Here <, > is the bilinear form associated to the quadratic form g, and
cy is Clifford multiplication against .
It follows easily that orienting the determinant line bundle of this
operator is equivalent to orienting the vector space

H;(Z;R)® H} ;(Z;R) @ H}(Z;R).

An easy computation shows that HJ(Z;R) = 0, that H}(Z;R) =
HY(Z,T;R) and that Hi’é(Z;R) = H2,(Z,T;R) where T is a cylin-
drical neighborhood of infinity in Z, and H2,(Z,T) is the maximal
subspace of exponentially decaying harmonic forms of which the inter-
section pairing is positive semi-definite.

Corollary 9.2. To orient the moduli space of finite energy solu-
tions to Seiberg- Witten equations on a cylindrical-end manifold Z, it
suffices to orient HY(Z,T;R) ® H2,(Z,T;R) where T is a cylindrical
neighborhood of infinity in Z. -

771

)
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Now let us see how the orientations compare when we glue. Let
M-N=X H'Y. We can ignore the spinor fields since the spaces of
these fields are complex linear vector spaces and hence have canonical
orientations. It becomes a question of comparing the sum of the §
complexes of forms for X and Y with the usual complex of forms for M.
We can replace the d-complex for X and Y with the complexes of forms
which vanish in cylindrical ends 74 without changing the cohomology.
Let T C M be the image of the union of T4 and T_ glued up manifold
M. We have an exact sequence of operators:

0 0

l l

Q'(M,T) L*E 02 (M, T) @ Q°(M, T)

| !

QM) Y 02 (M) e QO(M)

l l

QyT,or) L4y 02 (T, 9T) @ QO(T, AT)

| |

0 0.

Let us denote these operators by Das 1, Dy, Drar respectively.
Clearly, in light of the above exact sequence, there is a natural iso-
morphism detDjs = detDpyr ® detDrgr. Of course, HYT,dT) =
H"Y(N)®H(I,0I). Thus, H*(T,dT) = 0 and H'(T,8T) = H'(I,dI).
Orienting I so that it points toward the Y-side orients this last group.
It also gives an orientation for N. Since C is oriented, it follows that
the circle direction receives an orientation. The orientation on C' in-
duces one on H'(C); that together with the orientation on the circle
gives an orientation to H'(N), and hence to H2,(T,08T) = H(N).
Thus, we see that with these conventions, there is a natural isomor-
phism detDysr = detDyy.

Lastly, we need to compare the orientation of detDjps7 with the
tensor product detDy 7, ® detDx 7 . The comparison of these deter-
minants involves switching the order of H!(X,T_) and H2,(Y,T4) and

hence introduces a sign which is (—l)b1 (XT-)030(VT+)
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9.2. Relative invariants

Definition 9.3. Let X be an oriented, complete, riemannian four-
manifold with a cylindrical end T isometric to [0, 00) x St x C where C
is a riemann surface of genus g > 1. Let Px be a Spinc-structure whose
restriction to the end of X is isomorphic to the pullback of a Spin®-
structure on C with determinant line bundle of degree +(2 — 2g). We
choose a sufficiently small generic harmonic one-form n € Q1(C;R) and
a generic compactly supported self-dual two-form nt. We then form
the moduli space Mc(ﬁx,n,nﬂ where the Chern integral is equal to
c. As we have seen this is a compact, smooth moduli space. We choose
an orientation for HY(X,T;R) & H2,(X,T;R). This determines an
orientation for the above moduli spaces. If the dimension of the moduli
space is even, say equal to 2d, then we define the relative Seiberg-Witten
invariant SW,(Px) by integrating the d*» power of the first Chern class
of the universal circle bundle over this moduli space.

The construction of the moduli spaces can be made over the param-
eter space of all n and 7. The result is a smooth infinite dimensional
moduli space with a smooth map with Fredholm differential to the pa-
rameter space. Furthermore, all the fibers over n # 0 are compact. It
follows easily that the relative invariant as defined above is independent
of the choice of generic forms n and 5.

If the dimension of the moduli space is odd, then we define the
relative Seiberg-Witten invariant to be zero.

Though this is not a direction that we will pursue much further in
this paper, we wish to point out that in this case the relative invariants
satisfy the analogue of Seiberg-Witten simple type.

Proposition 9.4. Let X be a cylindrical-end four manifold with
end isometric to [0,00) x S* X C where C is a riemann surface of genus
g>1. Let Py 3> X bea Spint-structure whose determinant line bun-
dle has degree 2g — 2 along C. Then for any c, if the dimension of
M(Px,n,nt) = 2d > 0, then the value of the relative Seiberg- Witten
invariant SW.(Px) is zero.

Proof. The moduli space is compact and every point [A,%] in the
moduli space is aysmptotic at infinity to the same irreducible configura-
tion [Ag, o] on N. It follows immediately that the base point fibration
MY(Px,n,nt) = M(Px,n,nt) is trivial. From this the proposition
is immediate. q.e.d.
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Let us compute the possible values for c. Let X be the compact

four-manifold X
X =XU(D?x0),

where X and D? x C are glued together along (0,00) x S! x C via the
identification

(0,00) x ' = (D? — {0})

sending (¢,8) — exp(—t+146). The condition on Px — X implies that it
has an extension to a Spin¢-structure over X. The possible determinant
line bundles £ of such extensions all differ by even multiples of the
Poincaré dual of [{0} x C] € Ho(X;Z). The possible values for ¢ so that
the relative invariant SW,(Pyx) are defined are simply

(e (D)%, X)),

as L ranges over the determinant line bundles of the extensions of Px.
These numbers differ by integral multiples of (8 — 8g).

9.3. A first product formula

From the Gluing Theorem and the definition of the relative invari-
ants we have the following result.

Theorem 9.5. Let M, N, X,Y,Px, Py be as above in this section.
Let S; be the set of equivalence classes of Spin® structures on M whose
restrictions to X and Y agree up to isomorphism with PX and ]5y and
whose determinant line bundles L satisfy c1(£)? = c. Choose orienta-
tions for HY(X, T;R)® H2,(X,T;R) and H (Y, T;R)® H2, (Y, T; R).
This determines the sign of the relative Seiberg- Witten invariants for X
and Y. It also determines an orientation for H'(M;R) & H2(M;R)
and hence a sign for the Sieberg- Witten invariants of M. With these
choices of orientations we have the following product formula:

3 SW(P) = (~1)Y KW N gy (Py)SWe, (By).
PGSC c1+c2=c

Notice that because all the relative invariants are of simple type,
the sum on the right-hand-side of the equation in the theorem is in
fact at most one term, the term when ¢; and ¢, are such that that the
dimension of the cylindrical-end moduli spaces for X and Y are zero
dimensional.
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9.4. Computation of the Invariants for D? x C

To complete the proof of the Product Formula we need to identify the
relative invariants of a cylindrical-end manifold X with the invariants
of the closed manifold

X=XuD*xC.

This identification is achieved using the product formula for relative
invariants and an evaluation of the relative invariants of D? x C. It is
the purpose of this subsection to evaluate these latter relative invariants.

We give D? x C a product metric — the metric on the C-factor is
any metric (but for definiteness let us assume the metric is of constant
curvature). The metric on the disk is a complete metric with cylindrical
end.

Suppose that (A4,7%)) is a finite energy solution to the Seiberg-Witten
equations on D? x C (with as usual ¢ = (o, 8)) whose determinant line
bundle £ has degree 2 — 2g on C. Then the analogue of Remark 6.21 is
the following: The section f is zero and the section « is a holomorphic
section of Ly and we have

2 F4 =1+ 2(# zeros of ).
27 D2
The reason for the extra one in this formula as compared to the formula
in Remark 6.21 is that A = Ax+2Ag where Ax is the natural connection
on the canonical bundle. Because of our choice of metric on D?, it is
easy to see that '
)

— Fs, =1.
2 D2 Ax

The Chern integral c(A, ) is given by

-1 g
C(A,’(/)):Zﬁ‘/szcFAAFAzll(l—g)%‘/;zFA.

The formal dimension of the moduli space M(]E’) of finite energy solu-
tions at [A, ] is

ZIL—C(A”/’) + (g — 1) =2(1 — g)(# zeros of «).

Since a is a holomorphic section, it follows that the formal dimension
of M(P) at any point is < 0. The only solution (A,1) at which the
dimension is zero is when ¢(A4, ) = 4 — 4g, which is the case when « is

775
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a constant section. This solution is induced from a configuration on C
and is unique up to gauge equivalence.
Thus, we have proved the following lernma.

Lemma 9.6. Let P — D? x C be a Spint-structure whose deter-
minant line bundle has degree 2 — 2g on C. If Mc(P) is non-empty,
then ¢ < 4 — 4g and the formal dimension of MC(P) is non-positive. If
the formal dimension of the moduli space is zero, then ¢ = 4 — 4¢ and
M(P) is a single point, that point being a smooth point of the moduli
space. The orientation on MC(]B) induced from the complex structure
on D? x C makes this point a plus point.

Remark 9.7. Notice that for any £ > 0, the moduli space M, (P)
for ¢ = 4(1—g)(2€+1) is a smooth manifold of dimension 2¢, and in fact
this moduli space is diffeomorphic to the £-fold symmetric product of
D2?. Nevertheless, the formal dimension of M.(P) at each of its points
is 24(1 — g).

Now we consider the perturbed equations on D? x C. We fix an
isometric parameterization [~1,00) x S < D?, and we fix a function
¢: D? — [0,1] whose support is contained in [—1,00) x §! and which is
identically one on [0, c0) x S1.

For any harmonic one-form n € Q!(C;R), we set h = @(*n +dt An)
and let M(P,n) be the moduli space of gauge equivalence classes of
finite energy solutions to the perturbed equations SW),. As before, the
formal dimension of this moduli space at [A, 4] is given by

(1*9)% (/DZFA—1>,

and the Chern integral is

1
c=4(1—g)%/D2FA.

Lemma 9.8. For any sufficiently small non-zero harmonic one-
formn € Q(C;R) let M (P,n) denote the moduli space of gauge equiv-
alence classes of finite energy solutions to the equations

Fi =q(¥) +ip(xn +nAdl),

@A("p) =0,

which have Chern integral c. Then M (P,n) is empty unless c < 4—4g.
For ¢ = 4—4g the moduli space consists of one point, that point being a
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smooth point and (with the orientation on the moduli space determined
by the complex structure on D? x C) is a plus point. Finally, for ¢ <
4 — 4g the formal dimension of the moduli space is negative. Thus, for
a further deformation by a generic compactly supported, self-dual, two-
form nt the moduli space M (P,n,n") is empty unless ¢ = 4 — 4g in
which case the moduli space is a single smooth point.

Proof. Let K; be the constant as in Lemma 77 Fix € > 0 sufficiently
small and v as in Lemma ?? Let {n;} be a sequence of harmonic one-
forms on C' tending to 0 as j ++ oco. Let h; = @(xn; + dt An;). Fix c
and suppose that (A7,47) are finite energy solutions to the perturbed
equations SWj,; with Chern integral c. Of course,

. . 7 c

Let 79: [0,00) — C(Py) be the path associated to (A7,47). Tt is a
gradient flow line for f,,. Using the notation and terminology from

Subsection 6.7 we find the spanning intervals a{, ... ,aij and the local

intervals 7, . .. ,b,’;j for 47 and v. As before the total L2-length

kj
Z £r2(a})
i=1

is bounded independent of j. Since each regular spanning interval has
L2-length which is at least K1, this implies that the number, k;, of span-
ning intervals is bounded independent of j. Passing to a subsequence
we can suppose that all the k; are equal, say equal to k, and that for
each i < k we have that

lim;s 00lp2(a?)

converges to a finite limit ¢;. In a similar manner we can assume that
for each i < k _
limj._,ooﬂLz(bz) =m; < oo.

For each j, we adjoin to [];a} the union of the {b/} for which
m; < oo. This union is a finite disjoint union of closed intervals
$1,-.- ,8; with the property that lim; oofr2(s]) exists and is finite.

The complementary set of intervals r{ e ,r{i in [0, c0) have the property
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that for each ¢ the limit limj, ,oofp2 (’rf ) = oo. (For each j the number
of 'rf is either the same as the number of sg or is one more.) Passing
to a further subsequence, we can suppose that either 0 € s7 for all j or
0¢ s{ for all j. If the first case prevails, we simply delete sj from the
set of s-intervals and renumber the others. (We ma.ke no change to the
] In this way we arrive at a situation in which 77 lies to the left of s
and for each j the number of r] is one more than the number of s] By
construction each r is a local interval for 4/ and limj. o0z (T ) = 00.)
Now passing to a further subsequence we can arrange that for each
i there is a geometric limit for (A7,17) based at the center point of
s] and that there is a geometric limit for (47,47) based at {0} x C.
We call these limits (A4;,;) and (Ag, o) respectively. For each ¢, 0 <
i <t, (A;,%¥;) is a non-static, finite energy solution to the unperturbed
Seiberg-Witten equations on R x S x C, and (Ap, o) is a finite energy
solution to the Seiberg-Witten equations on D? x C. Clearly,

n(Aja/l/)J) = "(Aoﬂl)o) + Zn(Aiuwi)'

>0

By Lemma 9.8 we have that n(A4g,¢) > 0. By Lemma 6.20 we
have n(4;,%;) > 0. Since we are assuming that the formal dimension
of M.(P,n’) is non-negative, .it follows that ¢ > 4 — 4g and hence
that n(A47,%7) < 1. This implies that ¢ = 0 and that n(Ag,vp) = 1.
This proves that the only ¢ for which MC(P,nj ) is non-empty and of
non-negative formal dimension is ¢ = 4 — 4g. This moduli space is
of formal dimension 0, and we see that for all j sufficiently large the
solution (A7,47) is arbitrarily close on a fixed compact subset to the
static solution of the unperturbed equations.

The last thing to establish is that for all j sufficiently large
M4_4g(15,nj) consists of a single point, a smooth point which with
the orientation induced by the complex structure on D? x C is a plus
point. This follows from the fact that these statements are true for
the unperturbed equations, and the fact that the moduli spaces vary
smoothly with the parameters n and nt.

Now for a generic compactly supported self-dual two form nt, the
moduli spaces MC(P,n,n+) which are of formal negative dimension
will be empty. If 57 is sufficiently small, then it will still be true that
M.(P,n,nt) will be empty for ¢ > 4 — 4g and will consist of a single
smooth point forc =4 —4g. q.ed.
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Corollary 9.9. Let X be an oriented riemannian four-manifold with
a cylindrical end isometric [0,00) x S* x C. Let X be the closed four-
manifold obtained by filling in X with D? x C. Then for Spin-structure
P — X which has the property that the determinant line bundle £ of P
has degree (2 — 2g) on {0} x C we have

SW(P) = SW(P|x),

where
c+ (49 — 4) = (a (L)%, [X)).

Proof. This is immediate from the Product Formula, Theorem 9.5
and the computation in the previous lemma. q.e.d.

- Notice that for X and P as in the previous corollary, it follows that
if SW(P) is non-zero, then the formal dimension d(P) is zero.

Corollary 9.10. Let M,N,X,Y be as in Theorem ?? Let Px — X
and Py — Y be Spint-structures whose determinant line bundles have
degree (2 — 2g) on C. Let X,Y be the compactifications of X and Y
obtained by filling in D? x C. Fiz c € Z. We set S, equal to the set of
isomorphism classes of pairs (PX,Py) of Spin¢-structures on X and Y
extending Px and Py with the property that

ca(Lx)?+a(ly)?=c+ (89— g).

Similarly, set P. equal to the set of isomorphism classes of Spin®-
structures on M which restrict to X and Y to give Px and Py, up
to isomorphism and with the property that c1(£)? = c. Fiz orientations
for HY(X,N),HY (Y,N), H2,(X,N), and H2y(Y,N) inducing orienta-
tions on the moduli spaces for X Y and M and hence signs for the
Seiberg- Witten invariants. Then we have

3 SW(P) = (—~1)EMEN ST gy (By)SW(By).
PE'PC (Px,ﬁy)esc

Proof. This is immediate from Theorem 9.5 and the previous corol-
lary. q.e.d.

It follows from Proposition 9.4 that unless ¢ = 2x(M) 4+ 30(M)
all terms in the summation on the right-hand-side of this equation are
zero. In the case where ¢ = 2x(M) + 30(M) there is at most one
non-zero term on the right-hand-side. In fact, one can also show that
if ¢ # 2x(M) + 30(M), then all the terms in the summation on the
left-hand-side of the equation also vanish.
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10. Proof of Proposition 4.6

In this section we complete the proof of the two main theorems of
the Introduction by showing that a symplectic torus 7' of non-negative
square in symplectic four-manifold X is genus minimizing in its homol-
ogy class. Of course, this simply means that the homology class of T is
not represented by a smoothly embedded sphere. Were there a sphere
S C X representing the same homology class as T' then that class would
be of infinite order. By the adjunction formula and the fact that 7" and
S are homologous we also have that

(Kx,8) = (Kx,T) = —T-T = -8 - 8,

where K x is the canonical class of the symplectic structure of X. Thus,
Proposition 4.6 follows from the main result of this section.

Proposition 10.1. Let X be a closed symplectic four-manifold.
Then there is no smoothly embedded sphere S C X with the following
properties:

e 5:-5>0

o The homology class represented by S is of infinite order in
Hy(X;Z).

o If b;' (X) =1, then, letting Kx be the canonical class of the sym-
plectic structure of X, we have (Kx,S)+ S-S5 =0.

10.1. First reductions in the proof of Proposition 10.1

Blowing up X at points along S, shows that in order to prove Propo-
sition 10.1 it suffices to consider the case when S-S = 0.

We fix a compact manifold X and a smoothly embedded sphere
S C X of square zero. We write

X =XoU([0,1] x S* x S)uD? x S,
and we fix a one-parameter family of metrics g¢, 1 <t on X satisfying:
e The family is constant on Xj.

e The family is constant on D? x S and this metric is the product
of a constant positive curvature metric on the sphere with a non-
negative curvature metric on D2,
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e The metric g; on [0,1] x S x § is isometric to a product of an
- interval of length #? with the standard product metric on S x S.

Eventually, we shall work with the riemannian manifold (X, ggr) for
some sufficiently large R.
Here is the basic lemma.

Lemma 10.2. Let X be a closed, oriented four-manifold, and sup-
pose that S C X is a smoothly embedded sphere of square zero represent-
ing a homology class of infinite order in Ha(X;Z). If b5 (X) > 1, then
the Seiberg-Witten invariant SWx vanishes identically. If b5 (X) = 1,
letting S* denote the cohomology class Poincaré dual to S, we have that
the S*-negative Seiberg- Witten invariant SW)“?* vanishes on any char-
acteristic class k with the property that (k,S) = 0.

Remark 10.3. In the case where b5 (X) = 1, the symmetry of this
result under replacing S by —S implies that the change in SWx (k) as
we cross the wall of reducibles must be zero. One can check directly that
under the given topological conditions that the skew-symmetric form

HY(X;R)® H'(X;R) = R

given by (a,b) — (aUbU k,[X]) is degenerate. This implies directly
that the wall-crossing formula for SWx (k) is trivial.

Let us show that this lemma implies Proposition 10.1. Suppose that
X is symplectic with symplectic form w. In the case where b3 (X) = 1,
at the expense of reversing the orientation on S, we can assume that
the S*-negative Seiberg-Witten invariant is the same as the w-negative
Seiberg-Witten invariant. Thus, in both cases we can apply Taubes
non-vanishing result for the value of the Seiberg-Witten invariant on
the canonical class of a symplectic manifold (Lemma 4.8) to establish
Proposition 10.1 from this lemma. The rest of this section is devoted
to the proof of this lemma.

The argument is divided into two cases depending on whether
b5 (X) > 1 or not. First we consider the easier case where b5 (X) > 1.

10.2. The case b (X) > 1
Let (Z,gz) be the complete riemannian four-manifold isometric to

Xo U ([0,00) x S* x S).

Since the end of Z has postive scalar curvature, given any constant £
there are constants K, > 0 such that for any finite energy solution

781
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(A, 1) to the Seiberg-Witten equations on Z with

-1

— FanFa<FE,

47'(' VA

after modifying by a gauge transformation, we can assume that for any
(t,z) € [0,00) x (S x §) we have the following pointwise C'*°-bounds:

o [t z)|coo < Ke,

e There is a flat connection Ag on S' x S such that
|A(t, ) — Ao(z)|c < Ke P,

It follows that for any Spint-structure and any e the moduli space
M.(P,gz) is compact.

For any finite energy solution (A, ©) to the Seiberg-Witten equations
for a Spin®-structure over Z the connection A decays exponentially in
a temporal gauge to a flat connection at infinity. The space of gauge
equivalence classes of flat connections on S x S is S'. Thus, for any
Spin-structure P - Z and any constant e, there is a well-defined
boundary map, a smooth map

a: Me(ﬁ7gZ) — 517

which assigns to each solution the limiting flat connection at infinity.
Adding a generic compactly supported self-dual form n* we can arrange
that Me(P,gz,n+) is smooth as well as compact. The exponential
decay results still hold for the configurations representing points of this
moduli space so that there is a boundary map 8: M.(P, gz,n") — S*.
For generic n* this map is transverse to —1 € S*.

Now fix a Spint-structure Px — X. Let £ be its determinant line

bundle and set
€ = / C1 ([,)2
X

Let P be the restriction of Py to Z. Choose a generic, compact sup-
ported 5t so that M(P, gz, n) is smooth and so that 8 is transverse to
—1 € S For all R >> 0, the form 7T induces a self-dual two-form n}
on (X, gg). Under these conditions, for all R >> 0, the gluing theorem
identifies M(P’, gr,n};) With the codimension-one submanifold

8—1(—1) C Me(ﬁagZ777+)‘
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The fundamental class of the codimension-one subset 0~1(-1) is
Poincaré dual to p,(S{) € HY(M.(P,gz,n"); Z). Thus, supposing that
the dimension of M(Px, gr,n%) is 2d we have

(19) / . Nd=/ . ptUp(Sh).
M(Px .gr.n%) Me(P.gz.mt)

So far we have not used the fact that the homology class of S is
of infinite order. The relevance of this condition is that it implies that
the class represented by S! in Hy(Z;Z) is of finite order. (Its order is
given by the minimal positive intersection number of a class in Hy(X; Z)
with the class of S.) But if S! is of finite order in Hy(Z;Z), it follows
that u(S) € HY(M(P,gz,n"); Z) is also of finite order and hence the
integral on the right-hand-side of Equation 19 is zero.

This completes the proof that the Seiberg-Witten invariant for Px
vanishes. Since Py was an arbitrary Spinc-structure on X, this com-
pletes the proof of Lemma 10.2 in the case where b3 (X) > 1.

10.3. The case when b (X) =1

For any R > 1, let wz be the ggr-self-dual form on X of norm one
with positive integral over S.

Claim 10.4. As R — oo the forms wl'; converge to zero on
(Xo1ID? x S) C X.

Proof. First let us show that the forms w; are pointwise universally
bounded on A = Xo[[D? x S. Take a point z € A and let B be a
small ball containing z. The L?-norm of the forms wl';| B are universally
bounded, and hence we have pointwise bounds on any smaller ball to
the C*°-norm of wl';. Given these pointwise bounds, it is possible to
extract a subsequence of the wz which converges to a harmonic form on
the cylindrical-end manifold Z [[T where T is diffeomorphic to D? x S
and has a cylindrical end isometric to [0,00) x S x S. This limit form
is self-dual and its L?-norm is at most one. But b5 (Z[[7T) = 0 so
there are no non-zero self-dual L2-forms. This means that the limit is
the trivial form, proving that the w; must go to zero pointwise on any
compact subset of Xo[[D? x S. qe.d.

Corollary 10.5. If X is any closed form supported on X, then

limRHoo/ w; AX=0.
X
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Now let us consider the nature of w}, in the tube [0, R?] x S x S.
This form exponentially decays to a constant self-dual harmonic-form,
i.e., it decays exponentially fast to a multiple of the dt Adf +dvolg. The
exponent is universal depending only on X not on R. Since

/w}/\w}:l,
X

since the length of the tube is R? and since the integral of w; Aw is
going to zero on the complement of the tube, it follows that the multiple
is of the form C/R+o0(1/R) where C~2 is twice the product of the length
of the circle and the area of S.

In particular, there are constants L,C’ > 0 such that for all R >> 0
and any L <t < R?—- L and any z € S' x S, measuring the norms with
respect to gr. we have

(20) lwh(t,z)] < C'/R.

In light of this and Claim 10.4 we also have that for R >> 0 and all
p € X, measuring norms with respect to gg, we have

(21) wk (p)| < 1.

Fix a Spin‘-structure P — X and consider the following perturbed
Seiberg-Witten equations for P and gg:

(22) Fi = q(¢) — irw,
Pa(y) =0

for some r > 0.

Since [gwf > 0, for all 7 >> 0 (how large may depend on R), the
moduli space of solutions for these equations computes the S*-negative
Seiberg-Witten invariant of P. We shall show that for R >> 0 and
r >> R, if the degree of the determinant line bundle £ of P on §
is zero, then there are no solutions to these equations, implying that
the SW}?(P) = 0. This will establish Lemma 10.2 in the case where
b3 (X) =1

We fix R >> 0 so that Inequalities (20) and (21) hold. Since w}; is
a harmonic form, it vanishes only on a set of measure zero. We denote
the function |w}| by ug. Then we have

UR S_l
C'/R <ug(t,z) forall L<t< R’—L
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On the open dense subset where wE # 0, we can decompose the
spin bundle S (P) into two complex line bundles, L~ & L™, where the
action of Clifford multiplication by wg on a section of L* is given by
multiplication by £2upgi. Using this decomposition we write any spinor
field ¥ = (a,8) with a being the component in L~ and 3 being the
component in L.

Let (A, 1) be a solution to the Equations (22) for a Spin‘-structure
P — X whose determinant line bundle £ has degree zero along S. The
Bochner-Weitzenbock formula tells us that

F+
0=@ada(h) = ViVa(h) + 21/) + -QAdJ,

where s is the scalar curvature of (X, gg). Using the curvature equation,
decomposing 1 = (¢, 3) and taking the L2-inner product with 1) we get

(le? +18%)

0= VAW + [ 0ol + 16 + 1

+rur(|B” — |ol?)dvol(gr).

In particular,

(lo? +181)°

4 +rur(18)? — |a|*)dvol (gr).

S.12 2
0= [ S(al+ 16 +

We can rewrite the integrand in this expression as

2 2 2|32 2
|of? s 18> | s |la*18] 2 s
(2 —2rup + + 5 tTi) T + |Bl°rug 3
+ rugs — 4r’u% + |a*rug.
Removing first four terms, each of which is obviously non-negative, we
conclude that

-~ af?
0> / —— +rugps +4rug (—— — 'ruR> dvol(ggr).
% 8 4

A fortiori, we have

(23)
lof? — 182

_Q2
0> / ~8i + rugps + 4rug (———71— — 'ruR) dvol(gr).
X

Let us estimate each of the terms in this inequality.

785
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Clearly since s is bounded independent of R, and the volume of
(X, gr) is equal to Cy + C1 R? for some constants independent of R, we
conclude that for all R >> 0

o2
(24) / —Ss—d'volgR > —C,R?
X

for some C2 > 0 independent of R. From the Inequalities (20) and (21)
and the fact that s is constant and positive on [0, R?] x S* x 9, it follows
that for all R >> 0

(25) / rugs dvol(gr) > CsrR — Cyr
X
for some constants Cs, Cy > 0 independent of R.

Finally, using the curvature equation once again, it is easy to see
that

lel* = 18 .
/ 4drup —rug | dvol(gr) =r/ ~LiFF A wh
X 4 X
=r/ —8me1 (L) A wi.
b's
By hypothesis we have (¢;(£),S) = 0. Thus, the class ¢;(£) is repre-

sented by a closed 2-form X on X with support contained in Xj. It then
Corollary 10.5 yields that

limR._,oo/ c1 (L) A w; =0.
X

Consequently, there is a constant Cs > 0 independent of R such that
for all R >> 0,

(26) ‘ /X —4iFf Awh| < Cs.

From Equations (24), (25), and (26) it follows immediately that for
R >> 0 we have

—s° lof* = 181*
+ TURS + 4rup 1 —rug | dvol(gr)
Z C3’I‘R - 047‘ — 0'57‘ - 02R2.

Clearly, if R >> 0 and r >> R, then the right-hand-side of this expres-
sion is positive. This contradicts Inequality (23) and establishes that
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there are no solutions to Equations (22) for the given Spinc-structure
and r >> R >> 0.

This proves that SW3 (k) = 0 for any characteristic class with the
property that (k,S) = 0, and thus establishes the lemma in the case
that b3 (X) = 1.
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